Chapter 5 - Complex Numbers and
Quadratic Equations NCERT Exemplar - Class 11

EXERCISE
SHORT ANSWER TYPE QUESTIONS

Q1. For a positive integer n, find the value of (1 -1i)" (1 - 1) .
i

Sol. We have (1-1)" (1 - 1)
i

oo el $e4] -[o-o(-2]

1
=[(1-i)(1+0)]" [vi?=-1]
=[1-7]"=[1+1]"=2"

n

Hence, (1-1)" (1 - 1) =2"
i

13
Q2. Evaluate: Y, (i" +i"*"), wherene N.

n=1
13
Sol. Wehave Y, (i" +i"*")

n=1

=i+ )+ (2 +0)+ (P + 1) + (14 0) + (1) + ([ +7) + (T +1)
+(1'8+1‘9)+(i9+l'10)+(i10+ill) + (i11+i12)+(i12+i13) +(Z'13+1'14)

=i+ 2P+ P+t + P+ O+ 7+ B+ 0+ M+ 12410
=i+2[-1-i+1+i-1-i+1+i-1-i+1+i]+(-1)
=i+20)-1 = -1+

13
Hence, Y (i" +i"*") ==1+i.

n=1
1+i) (1-iY’
Q3. If (1—-:) —(1—_’_3 =x + iy, then find (x, y)
1+i) (1-i)
Sol. We have (i) —(—l] =x+iy
1-i 1+

{1+i 1+z}3 [(1—1')(1—1')}3 .
= X — =x+iy
1—i 1+i (1+i)(1-1)
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1+ 4% +2i 1+ -2i | ..

= % — > =x+1y
1-1 1-1i

1-1+2iT [1-1-2iT .

= - =x+iy

1+1 1+1

S e
2 2 v

= ()P-(-il=x+iy = Li+ifi=x+iy

= —i-i=x+iy = 0-2i=x+iy
Comparing the real and imaginary parts, we get
x=0, y=-2.Hence, (x, y) =(0, - 2).

(1+i)° : :
Q4. If 2 =X +1y then find the value of x + y.
1+1)2 1+i% +2i
Sol. Given that: ( l), =x+iy = —— - =x+iy
2—i 2-i
- 1-1+2i PN 2i L
— =x+i —— =x+i
2= YT T
2i(2 +1) , 4i +24% ,
— =Xty = 5= =X +iy
(2-9)(2+1) 4-1
4i-2 ‘ "
=x+ vit=—
= 1.1 Xt [
—2+4i , -2 4. ,
= =xX+iy = —4+—i =x+i
5 Y75 s Y
Comparing the real and imaginary parts, we get
-2 4
x—?andy—g
H ey 2442
ence, x+y= 4 te=5
1)\l
Q5. If (F) =g+ ib, then find (g, b).
i

1— )00
Sol. We have (1—) =q+bi

+1
100
1-i 1-i\1® , 1+i% = 2i ,
— X— a+bi = 2 =a+bi
1+1 1-1 1-1

1-1-2i)® o (—2i\® .
= _ =a+bi = T =a+bi

1+1
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= )P0 =g+bi = i'"C=g+bi
= () =a+bi = ()®=a+bi = 1=a+Dbi
= 1+0i=a+bi
Comparing the real and imaginary parts, we have
a=1,b=0

Hence (4, b) = (1, 0)

1+
Q6. If a=cos 0 +1isin O, find the value of 1 u'
—a

Sol. Given that: a = cos0+1isin©
1+a 1+cosO+isin®

1-a 1—cosB—isinB

1+cosO+isin® ><1—Cos(9+isine

1-cos®—isin® 1-cosO+isin®

1—cos 0 +i sin® +cos 6 — cos” O +isin O cos O
+isin®—isin O cos 0 +i> sin” O
(1-cos 8)* —i* sin’0

1+isin®—cos’0+isin®—sin’0

1+ cos>0—2 cos O +sin’0
sin 0 + 2i sin 6 — sin” 0 2isin O
1+1-2cos©  2-2cos6

2isin © 1sin O

.6 0.
2sin—cos—.i

- -2 2
2(1-cos®) 1-cosB

ZSiHZg
0 .
= cot—.1

4 _icot 9

-a
Q7. If (1+i)z= (1-1)z, then show that z=-iZz.
Sol. Given that: (I+i)z=(1-i)z

1-i 1-i 1-i 1+i>-2i

Hence,

z
Z_ _ % _
- T 1+ 14i 1-i 1-7
J1-1-2i =20
1+1 2
z
= —=-i
z
z = —iZ. Hence proved.
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Q8. If z =x + iy, then show that zz +2(z+z)+b=0, where b € R
represents a circle.
Sol. Given that: z=x +iy

To prove: z2z+2(z+z)+b =0
= (x+iy)(x—iy)+2(x+iy+x—iy)+b=0
= X +yP=2(x+x)+b=0
= X +yt—dx+b=0

Which represents a circle. Hence proved.

zZ+2
Q9. If the real part of is 4, then show that the locus of the

z-1
point representing z in the complex plane is a circle.
Sol. Let z=x+1iy
: zZ =x-iy
z+2 x—iy+2
So — =TT
z -1 x—iy—1
(x+2) -y (x+2)—iyx(x—1)+iy
(x=D-iy  (x-D-iy  (x—1)+iy
C (x+2)(x =)+ (x +2yi — (x — Dyi - i’y
P 2x—x -2+ (x+2-x+1)yi+y°
(=1 +y?
Pyt rx-2 3y
= i, 2 T 2, 2!
(x-1)"+y (x-1)"+y
Real part =4
x2+y2+x—2 ~
(=12 +y*
= x2+y2+x—2=4[(x—1)2+y2]
= Py rx -2 =4 +1-2x+y%
= P+t +x—2=4x>+4-8x+4y°
= P-4+ -4 +x+8x-2-4=0
= 3% -3y*+9%-6=0
= x2+y2—3x+2=0

Which represents a circle. Hence, z lies on a circle.
Q10. Show that the complex number z, satisfying the condition

z—-1 T y il
ar =—
g ~r1 ies on a circle.

4
Sol. Letz=x+iy

Given that z-ly_r
iven at. ar — | =
& z+1 4
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= arg(z—l)—arg(z+1)=%
Z
- arg (z7) - arg (z,) = arg -
22
= arg[x+iy—1]—arg[x+iy+1]=%
= arg[(x—1)+iy]—arg[(x+1)+iy]=%
-1_Y -1_Y T
tan~! —t ==
- AT YT
'.'arg(x+yi)=tan_1z}
L x
y _ Y
~1] x=1 x+1 T
= tan =Z
1+ x Y
x—=1 x+1
. WYY @
x*=1+y
= -1
x+y -1
= Pyt -1=2y
= x*+1y* -2y —1 = 0 which is a circle.

Hence, z lies on a circle.

Solve the equation |z| =z + 1+ 2i

Given that: lz| =z+1+2i
Letz=x+1y

|zl = (z+1)+2i
Squaring both sides
|z = |z +1P + 4% + 4(z + )i
= Iz = |z +1+2z -4+ 4(z + 1)i
= 0=-3+2z+4(z+1)i
= 3-2z-4(z+1)i=0
= 3-2(x+yi)-4[x+yi+1]i=0
= 3-2x-2yi-4xi-4dyi?—4i=0
= 3-2x+4y-2yi-4i-4xi=0
= B-2x+4y)-iRQy+4x+4)=0
= 3-2x+4y=0 = 2x-4y=3 (D)
and 4x+2y+4=0 = 2x+y=-2 ...(1)
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Solving eqn. (i) and (i), we get
1
=-landx= - 5 :
Hence, the value of z=x +yi = (— 5" i).

LONG ANSWERTYPE QUESTIONS
Q12. If [z+1] =z +2(1 +1) then find z.
Sol. Given that: [z+1| =z +2(1 +1)
Letz=x+1y
So, |x+iy+1] = (x +iy) +2(1 +1)
= |+l +iy| =x+iy+2+2i
= |x+D)+iy| = (x+2)+ (y+2)i

= JE+D) +y? = (x+2)+(y+2)i ['.'|x+iy|=1/x2+y2}
Squaring both sides, we get
(x+ 1 +y% = (x +2)* + (y + 227+ 2(x + 2)(y + 2)i
= 2+l +2+ P =P +d+dr -y —dy -4+ 2(x +2)(y + 2)i
Comparing the real and imaginary parts, we get
K+1+2x+y? =x*+4dx—y* —4yand 2(x +2)(y +2) =0
= 2 -2x+4y+1=0 (D)
and (x+2)(y +2)=0 ...(i1)
x+2=0o0r y+2=0
R x=-2ory=-2
Now put x =-2 in eqn. (i)
217 2% (-2)+4y+1=0
=  2+4+4y+1=0
= 22 +4y+5=0
b* —4dac = (4)* -4 x2x5
=16 -40= —24 <0 no real roots.
Put y=-2in eqn. (i)
2(-2)*-2x+4(-2)+1=0

1
8§-2x-8+1=0 = x=5 andy=-2

) 1 .
Hence, z=x +iy = 5—21 .

Q13. If arg (z—1) = arg (z + 3i) then find x — 1 : y where z = x + iy.
Sol. Given that: arg (z—1) = arg (z + 3i)
= arg [x +yi—1] = arg [x + yi + 3i]
= arg[(x-1)+yi] = arg [x + (y + 3)i]
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-1 Y tan’1y+3

tan

U

x-1 x
3
N y ¥
x-1 x
= xy=x-1y+3) = xy=xy+3x-y-3
= 3x-y=3 = 3x-3=y
(x-1) 1
= 3x-1)=y = —=§ = x-1:y=1:3

Hence, x-1:y=1:3.

z
Q14. Show that —3‘ =2 represents a circle. Find its centre and

radius.
Sol. Given that: 2_2‘ =2
z—-3
Letz=x+1y
x+iy—2 — 1
_V‘ _ [@=2+iy|
x+iy -3 (x —3) +iy
(=2 +iy| _, [ a :@}
|(x = 3) + iy ol bl
= |x-2)+iy| = 2|(x = 3) + iy

= J@x-22 412 = 2J(x -3+
Squaring both sides, we get
(x =20 +y* = 4[(x - 3y’ + 1]

= X2+ 4 —dx + 7 = 4[x*+9 - 6x + 17
= Xy —dx+4 = 4x + 4y? - 24x + 36
= 3x2+3y7-20x+32=0
= x2+y2—§x 32

3 3
Hereg—

W /100 0_£_JZ 2

Hence, the required equatlon of the c1rc1e is

20 32
X +y —?x+?—0

N

10
Centre=(-g, -f) = (?r 0) and r= 3
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z—1
Q15. If i1 is purely imaginary number (z # — 1), then find the
value of |z.
z—1
Sol. Given that S is purely imaginary number
Letz=x+yi
x+yi-1  (x-D+iy (x—l)+iyx(x+l)—
x+yi+l  (x+D)+iy  (x+D)+iy  (x+1)—
(x = 1)(x +1) — iy(x = 1) + (x + )iy — i*y?
= 2_ 22
(x+1) =iy
P -1+iy(x+1-x+1)+y? _ X +y? =1+ 2yi
X2 +1+2x + 1 oyt +2x+1
eyt -1 2y .
2., .2 t o2 !
X +y +2x+1 x"+y" +2x+1
Since, the number is purely imaginary, then real part =0
X +y’ -1
oyt +2x+1 -
= Py -1=0 = ¥*+y2=1
= \,}{2 +y2 =1 |Z| =1
Q16. z, and z, are two complex numbers such that |z;|=|z,| and
arg (z,) + arg (z,) =, then show that z; = -z,.
Sol. Letz, =r, (cos 6, +isin6,)

and z, =, (cos 0, + i sin 0,) are polar form of two complex

numbers z; and z,.
Given that: || = |z2| = r =7,
and arg (z;) +arg (z,) =7

= 0,+0,=m

= 0,=m-6,

Now z, = 1,[cos (m—6,) +isin (T -0,)]
= zy =1, [-cos 6, +isin 6,]

= z, = =1, (cos 0, —1sin 6,)

z, = 1,[cos 0, +1isin 0,]

2 =r,[cos B, —isin 6,] [ =1

From eqn. (i) and (ii) we get,
z, = —z,. Hence proved.

(i)

(i)

...(ii)
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z; -1
Q17. If |z;|=1 (z; #- 1) and z, = ﬁ, then show that the real
1

Sol.

Q18.

Sol.

Q19.

part of z, is 0.

Letz, =x+yi
21| = J*¥*+y* =1 [given that |z|=1]
= PHyi=1 (i)

z1—1 x+yi-

Z +1_x+yi+1

(x=-1)+yi B (x—1)+yixx+1—yi

(x+D)+yi (x+D+yi x+1-yi

(x = )(x + 1) = y(x = 1)i + y(x + 1)i — y*?
(x+1)2—y212

P -l+yi(x+l-x+1)+y°

Now Z, =

X2 +142x + 17
(* +y* = 1) +2yi

Pyt +2x+1

(1-1) 2y
= 2.2 to !
X +y +2x+1 x"+y° +2x+1
2
=0+ y

—— 1

X +y? +2x+1

Hence, the real part of z, is 0.

If z;, z, and z,, z, are two pairs of conjugate complex numbers,

then find arg( j + arg(Zz )
2y 23

Let the polar form of z, =, (cos 0, + i sin 0,)
z,=7% =1,(cosB; —isin6,)=r,[cos (-6,)+isin(-6,)]
Slmllarly, zy =1, (cos 9 +1sin 0,)
Z,=23 =1, (cose —1sin 0,) =7,[cos (- 0,) +isin (- 0,)]
arg( ) + arg( j =arg (z,) —arg (z,) + arg (z,) — arg (z,)
2y

=0,-(-6,)+(-6,)-6,
=0,+6,-6,-0,=0

Hence, arg(z ] + arg( j =0.
2y Z3

If |z;| =|z;| = ... =|z,| =1, then show that
I S S
|z + 25 + 23+ 2, | = e
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Sol. We have 1] = |zo| = . =z, =1
2 2 2 .
- ’le = |z =..=|z, =1 (1)
% = T = m = [z =)
= 217 = 232y =..=2,Z, =1 -2z =17
= zZ, = ! Z,= ! z !
17 T 74T T =Ty T
Z Z Zy
LHS. |z; + 2, + 23 +...+ 2,
2127 ZyZy  Z3Z z,Z,
= |PEL 222 55 o
Z Z, Z3 Z,
a2l | [zl 2" I
R e e SR L [zz=|z|:|
2} Zy Z3 zZ,

! + ! + 1 +...+ ! [usi 0]
=== —+ .+ using (i
Z1 Zp Z3 Zy 8

LIRS [5+2 ]
=|—+—+—+..+— vz +Z, =2z, +2
2, 7, 1z z, 1T% =% 7%
1 1 1 1 _
=|l—+—+—+..+— [1zl=1Z1]
21 % % Zy

L.H.S.=R.H.S. Hence proved.
Q20. If for complex numbers z, and z,, arg (z,) — arg (z,) = 0, then
show that |z; — 25| =|z;| = |25] -
Sol. Given that for z; and z,, arg (z,) —arg (z,) =0
Let us represent z, and z, in polar form
z,=1,(cos 0, +isin0,) and z,=r, (cos O, +isin 6,)
arg (z,) =0, and arg(z,) =6,
Since arg (z;) —arg (z,) =0
=0,-6,=0 = 0,=6,
Now z, -z, = 7, (cos 0, +1isin 8,) —r, (cos 0, + i sin 0,)
=r,c0s0,+ir, sin® —r,cos 0, —ir,sin O,
[ 6,=6,]
= (r, cos 0, — 1, cos 0,) +i(r, sin O, —r, sin 0,)

|z1 - zz| = \/(1’1 cos0, — 1, cos 0,)* +(r, sin®; —r,sin O;)*

22 2 2 2 2.2
_ \/("1 €0os“0; +7;cos"0; —2r7,c08°0; +7,7sin"0,;

2.2 .2
+7,8in°0; —2r,7,5in°0; )

B \/1’12 (cos2 0, + sin? 0,)+ 7‘22(COS2 0, + sin? 0,)

—21,1,(cos? 0, +sin? ;)

10
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= \/’”12 +13 = 2n1, :\/(Vl -n)’ =r -1,
= |z1| - |z
Hence, |%1 _Zz| = 7] = |z|

Q21. Solve the system of equations Re(z%) =0, zl = 2.
Sol. Given that: Re(z?) =0 and |z| = 2.

Letz=x+yi
- 2l = & +y?
= Y =2 = 24P =4 (i)

Since, z=x+yi
2=+ P+ 2yl =z
Re(z%) = x* - y2
= -y =0 ..(ii)
From eqn. (i) and (i7), we get
PHyP=4 = 20%=4 = ¥*=2 = x=%2 andy= 2
Hence, z = 2 +i:2, - /2 £ /2.
Q22. Find the complex number satisfying the equation
z+2|z+1)|+i=0
Sol. Given that: z + \/§|(z +1)|+i =0
Letz=x+yi
(x+yi) +N2|(x +yi+D|+i = 0

2=x? —y? + 2xyi

= X+ (y+1)i+2|(x+1)+yi) =0

= x+(y+Di+V2(x+1)? +y? =

= x+(y+1Di+y2yx2 +2x+1+y> =0+0i

= x+x/§«lx2+2x+1+y2 =0,y+1=0
= x=—2Jx* +2x+1+y? andy=-1
= X% =202 +2x+ 1+

= X% =2x2+dx +2+2y°

= X +dx+2+2°=0

= X+4x+2+2(-172=0 [ y=-1]
= X¥+4x+4=0

= (x+2)2=0

=

x+2=0 = x=-2
Hence, z=x+yi=-2-1.

11
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. 1-i .
Q23. Write the complex number z = ————— in polar form.
cos— +isin—

Sol. Given that:

1-i 2-2i  2-2i Xl—z‘ﬁ
z= = - =
3+.ﬁ 1+iV3  1+iV3 1-i3
22
 2-243i-2i+237  2-23i-2i-23
7 - (iV3)° 1-3¢*
_(2-23)-(2428)i _1-+3 1443,
B 4 T2 2
rz\/(1—\/3)2+(_1+J§j2=\/1+3—2J§+1+3+2J§
2 2 4 4
=\/4—2\/§+4+2J§=\/§=ﬁ
4 4
So r=42
Now arg(z) = tan™" g
X
1+4/3
- _( j L (1443 NG
= 0= tan 1—2=’car11 - =tan"!
(1—\/5) 1-3 J3-1
2
T o tar1E+tar1E
=0= tan_l[tan(—Jr—ﬂ tan(—+—): 4 - 615
4 6 4 6 1—tan — tan —
5 4 6
= 12

Hence, the polar is
5n 51
z= 42 — |+isin| —||.
\/—|:COS(12) 1s1n[12ﬂ
Q24. If z and w are two complex numbers such that |zw|=1 and
T
arg (z) —arg (w) = PY then show that zw = —i.

Sol. Letz=r, (cos©, +isin0,)and w=r, (cos 0, +i sin 0,)
zw = 1,7, [(cos O, + i sin 0,)] [(cos O, + i sin 6,)]

12
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lzwl =rr,=1 (given)
Now arg (z) —arg (w) = g

oo f o om(s) 3
Zw =7, (cos 0, —isin 0,) r, (cos 0, +1isin 0,)
=r,1,[cos 0, cos 6, +1 cos 0, sin 6, —i sin O, cos 6,
—i*sin 0, sin 6,]
= 1,7, [(cos 6, cos 6, + sin 0, sin 0,) +i(cos 0, sin 0,
—sin 0, cos 0,)]
=r,1,[cos (6,-0,)+isin (0,-0,)]

o))

—rr[cosz—isinz}—l 0—1
= nn 5 5|~ [0-1]

Herezw =—i. Hence proved.
Fill in the Blanks in Each of the Exercises 25.
Q25.

(i) For any two complex numbers z;, z, and any real numbers a, b,

|az, — bz, |2 +|bz; + 1122|2 = s

(i1) The value of /—25 X /=9 i ...cccueuuee.

(1-i)’
i11) The number ——— isequal to ...............
1-43 q
(iv) The sum of series i +i* + i + ... upto 1000 terms is ..............

(v) Multiplicative inverse of 1 +1iis ...............
(vi) If z; and z, are complex numbers such that z, + z, is a real
number, then z, = ..............
(vii) arg(z)+arg(z) (z#0) is.cceveneee.
(viii) If |z+4/<3, then the greatest and least values of |z+1| are

............... and ...............
-2 =w
(ix) It §+ 5 =g, then the locus of z is ...............

5
(x) If |zI=4 and arg (z) = ?n, thenz=....cooce.e.

Sol. (i) |a21 - b22|2 + |bz1 + azz|2
= |az1]” +|bz,[" — 2Re(az, .bZ, ) +|bzy|* + |az, > + 2Re(az, .b2,)

= |az,* + bz, |2 + |bzl|2 +|az,|?

13
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= @ +0%) ([a* +|zaf)
Hence, the value of the filler is (a® + b?) (|zl|2 +|z, |2) .
(i1) J-25%x.-9 = - «/_5><4/ 9
= 51><31 15i2=-15
Hence, the value of the filler is — 15.

(1-iy (1-i)° (1=i  1+i%-2i
(i) 1-2  (A-)A+i+d) A+i-1 i
1+i-1) i
_1-1-2i -2

i i
Hence, the value of the filler is — 2.

(iv) i+i®+i+ .. upto 1000 terms

23 + ilOOO -0
1000
b
n=1

=i+ic+i°+..
Hence, the value of the filler is 0.
(v) Multiplicative inverse of

) 1 1x(1-1)
1+i= =
1+1 (l+1)(1—1)
1-i 1-
(B
1—1 T 1+1

Hence, the value of the filler = > (1 — ).
(vi) Letz, =x, +iy, and z, = x, + 1y,
22y = (X +iyy) + (X +iY)

2+ 2y = (X + %) + (Y Yyl
If z, + z, is real then

Nty,=0=y,=-y,

2 T X1
Zy = X — 1y, (when x, =x,)
So Z,= 2

Hence, the value of the filler is z; .
(vii) arg(z)+arg(z) (z #0)

If arg (z) =6, then arg (z)=-6

So0+(-0)=0

Hence, the value of the filler is 0.
(viii) Given that: |z +4]<3

For the greatest value of

14
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lz+1] = |z+4-3|<|z +4]|+|- 3|
= |z+4-3/<3+3 [v|z+4[<3and|-3=3]
= |z+4-3[<6
Hence, the greatest value of |z +1| is 6 and for the least value
of |z +1|=0.

[ The least value of the modulus of complex number is 0]
Hence, the value of the filler are 6 and 0.

z—-2 T
ix) Gi that: =—
(ix) Given tha 212 6
Letz=x+1y
x+iy—-2| wm (x-2)+iy| =
= — | T 7 | =7
x+iy+2 (x+2)+1y| 6
= 6|(x—2)+iy| = m|(x +2) +iy]

= 6wé(x 2)% +1% = n\/(x+2) +y°

= 36[x% +4 — 4x+y2]— % + 4+ dx + 7]

= 36x + 144 — 144x + 36> = wx® + 4n° + 4nx + 2>
= (36 — ?)x% + (36 — W2)y? — (144 + 4n?)x + 144 — 4n> = 0
Which represents are equation of a circle.

Hence, the value of the filler is circle.

5
(x) Given that: |z| =4 and arg (z) = ?n
Letz=x+yi

lzl = Jx?+y? =4

= X+t =16 ()
5n
=t 1(1):_
arg (z) = tan . c
z:tan5—n: ( ——j—_t _:_L
= . an6 NG

- x= —«fy (i)
From eqn. (i) and (i)
(~VBy) +17 =16 = 3P+ =16 = 4y -
= Y=4=y=+2 . x=-23
So, z=—23+2i
Hence, the value of the filler is — 2+/3 + 2i
State True or False for the Statements in Each of the Exercises 26.

Q2e.

(i) The order relation is defined on the set of complex numbers.
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(i)

(i)
(iv)

(v)
(vi)
(vii)

(@in)
Sol.

(i)

(iii)

Multiplication of a non-zero complex number by —i rotates the
point about origin through a right angle in the anti-clockwise
direction.

For any complex number z, the minimum value of |z| +[z—1]|
is 1.

The locus represented by |z—1|=|z -1 is a line perpendicular
to the join of the points (1, 0) and (0, 1).

If z is a complex number such that z # 0 and Re(z) = 0 then

Im (z%) =0.

The inequality |z—4|<|z—2| represents the region given by
x> 3.

Let z; and z, be two complex numbers such that |z; +z,| =
|| +|2,|, then arg (z;) - arg (z,) =0.

2 is not a complex number.

(i) Comparison of two purely imaginary complex numbers is
not possible. However, the two purely real complex numbers
can be compared.

So it is ‘False’.

Letz=x+yi

z.i = (x +yi) i = xi — y which rotates at angle of 180°

So, it is ‘False’.

Letz=x+yi

el lz=1 = 2P 4y =12 42
The value of |z| +|z—1| is minimum whenx=0, y=01i.e., 1.

Hence, it is ‘“True’.

Letz=x+yi
Given that: lz-1] = |z—1
then |x+yi=1] = |x+yi-i]
= |(x—1)+yi| = |x -1~ y)i
= Jr=17 +y7 = (& +(1-y)
= -1 +y2=x2+(1-y)?
= -2x+1+12=x2+1+y* -2y
= -2x+2y =0
= x —y = 0 which is a straight line.
Slope =1
Now equation of a line through the point (1, 0) and (0, 1)
1-0
-0= -1
y-0= -1
= y =—-x+1whose slope =—1.

16
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(©)

(i)

(vii)

Now the multiplication of the slopes of two lines=-1x1=-1,
so they are perpendicular.

Hence, it is “True’.

Letz=x+yi, z#0and Re(z) =0

Since real partis0 = x=0

sz=0+yi=yi

- Im (z%) = y%* = - y* which is real.

Hence, it is ‘False’.

Given that: |z—4|<|z -2

Letz=x+yi

= [xtyi—4] <|x+yi-2| = |(x-4)+yi| <|(x-2)+yi
= Ja-42+y? < Jx-2)2 +y?

= (4P < (x-22+ ) = (x—4)P<(x-2)

= X +16-8r<x’+4-4x = —8r+4x<-16+4

= —-4x<-12 = x>3

Hence, it is “True’.

Letz, =x, +y,iand z, = x, + y,i

= |21 + 2| = |z1| + |2,

= |1 + y1i + Xy + 15| = |1+ yai| + |x2 +

= |y +x)+ ()i = (g + y30)| + (o2 + )|

= o+ 0+ + 1) = Y+

Squaring both sides, we get

= (@) (1t = A YA Y 4 2\/(x12 +yD)(x3 +y3)

2,2 2., .2
= x| +x5 +2x1% + Y7 + Y5 +211Y,

2., 2.2, .2 2222, 22, 22
=X TYL X Y, +2\/x1x2 Ty, XY Yy,

_ 72 . .22 . 22, 22
= 2x,%, + 21y, = 2\/x1x2 +X7Y7 +XY1 Y1y

- [2.2 202 202 202
= NN TYY, = \/xlxz XY Y1 Yl
Again squares on both sides, we get

2.2 .22 2.2 ,.2.2 .22, .22
X1X) +Y1Y2 2010y, = X{X; + X7y, X7 H YY)

= 211Xl = X%yg +x§y12
= xlzyg +x§y12 = 2x1y12%0Y, =0
= (1, = x2y1)2 =0 = xy,—x,=0
X1 _ X Yi_ Y
= XYy = XY, = — = 5 = =22
Y2 = Xl v 6 %
= arg (z,) = arg (z,)

17
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= arg (z;) —arg (z,) =0

Hence, it is “True’.

(viif) Since 2 has no imaginary part.

So, 2 is not a complex number.

Hence, it is “True’.

NCERT Exemplar - Class 11

Q27. Match the statements of Column A and Column B.

Column A

Column B

@)

The polar form of i++/3 is

(i)

Perpendicular bisector of
segment joining (- 2, 0) and
2,0)

®)

The amplitude of
-1+,/-3is

(1)

On or outside the circle
having centre at (0, — 4) and
radius 3.

(©

If |z+2|=|z-2|, then real
of zis

(i)

2n
3

If |z+2il=|z-2i], then

Perpendicular bisector of

(d) locus of = is (iv) | segment joining (0, — 2) and
0, 2)
© Region represented by o |2 (cos g ©isin % j

|z+4il =23 is

("

Region represented by
lz+4/<3

(vi)

On or inside the circle
having centre (- 4, 0) and
radius 3 units

®)

1+2

Conjugate of ! lies in

(vii)

First quadrant

(1)

Reciprocal of 1 —i lies in

(viii)

Third quadrant

Sol. (a) Given that

z=i+/3

Polar form of z = r[cos 0+ sin 0]

= J3+i =rcosO+7risin®

- r= (3 +1)? =2
d t _i _E

an an o, = Ne :>oc—6

18
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Since x>0,y >0
. Polar form of z = 2 [cos T isin E}
Hence, (a) < (). 6

(b) Given that z= -1+ /-3=-1++/3i

\/§ _ -1 L
_—1—tan |\/§|—§

Here argument (z) = tan~!

So,oa=£

3
Sincex<0and y >0
Then 0 =ri— o= -~ =2F
enf=n—-o= 3" 3

Hence, (b) <> (iii).
(c) Given that: |z+2| = |z-2]
Letz=x+yi
letyi+2] = [x+yi-2| = |(x+2)+yi| = [(x=2)+yi

= Jx+22+y? = Jx-27+y°
= (2P = (-2 4y = (0 +2)7= (v -2)
= PHd+dx =x*+4-4x = 8x=0 = x=0
Which represent equation of y-axis and it is perpendicular to
the line joining the points (-2, 0) and (2, 0).
Hence, (c) < (i).
(d) |z+2i = |z-2i
Letz=x+yi
|x+yi+2i| = [x+yi=2i] = [x+(y+2)i] = |[x+(y-2)

= Y2 H(y+2)? = Yt +(y-2)°
= P+ =+ y-27 = y+2)°=(y-2)
= V+d+dy =P +4-4dy
= 8y =0 = y=0. Which is the equation of x-axis
and it is perpendicular to the line segment joining (0, — 2) and
©, 2).
Hence, (d) < (iv).
(e) Given that:|z+4i] >3
Letz=x+yi
|x+yi+di] 23 = [x+(y+4)i] =3

= Py +4)? 23 = P+ (y+4)P29

= P+ +8y+1629 = KX +1y2+8y+720

= r=yJ@4)3?-7=3
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Which represents a circle on or outside having centre (0, — 4)
and radius 3.
Hence, (e) <> (ii).

) lz+4| <3
Letz=x+yi
Then |x+yi+d] <3 = |(x+4)+yi <3
=  Jx+4? +y* <3 = 2+8x+16+y><9
= P+ +8x+7<0

Whichisacirclehaving centre (-4, 0)and r= +/ (42 -7=9=3
and is on or inside the circle.
Hence, (f) < (vi).

1+2i
Let =
® Le 2= 1o
1420 14 14420420
Co1-i 1+ 1-42
1+i+2i-2 -1+3i 1+3.
= = = - —1
1+1 2 2 2
- 1 3. .
Z =y which lies in third quadrant.

Hence, (g) <> (viii).
(h) Giventhat:z=1-1i

Reci Lof 1 1 ><1+i 1+1
ec1procaoz—;—1_i 141 1-7
1+i 1 1.
= —=—+—=i
2 2 2

Which lies in first quadrant.

Hence, (h) <> (vii).

Hence, the correct matches are (a) < (v), (b) < (iii), (c) < (i),
(d) & (iv), (e) > (iD), (f) <> (vi), (g) <> (viii), (h) <> (vii).

2—1
Q28. What is the conjugate of m ?
Sol. Given that 2-i 2-i 2—i
o Lventha T 0-2i? 144l -4 1-4-4i
2-i 2-i  —3+4i

= T = X

-3-4i -3-4i -3+4i

-6+8i+3i-4i° -6+11i+4
(=3 —(4i)*>  9-16i
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-2+11  -2+1L -2 11,
= = =—+—1
9+16 25 25 25
= = __Z_Ei
725 25

H T = __2_1_11
ence, z = 25 o5

Q29. If |le = |Zz
Sol. Letz, =x, +y iand z,=x, +y,i

, is it necessary that z, = z,?

g+ yii] = [0 +va] = 2T +yd = (B +43

2

2, .2 2, .2 2 _ 2
= X +yr =X +Y, = x=x;and ¥i = ¥
= x, =*x,andy, =+,

So zy=x,+yi and z,=*x,*y,i
o Z, # 2,
Hence, it is not necessary that z, = z,.
(a* +1)° , : 2.2

Q30. If Topli Xt then what is the value of x~ + y~?

. (@+1"

Sol. Giventhat: ———— =x+iy

2a—1
Taking conjugate on both sides
(@* +1)° .
= o X
2a+1

Multiplying eqn. (i) and (i7) we have
@+ @+1> @+
: N Xty 22
(2a—-1i)(2a +1) 4a” —1

= =2+
4a% +1 y
Hence, the value of 2 + 2= "
FPp= —.
ence, the value of x* +y*= = ———
. . 5r

Q31. Find the value of z, if |z| =4 and arg (z) = e
5n 5n
Sol. Given that: |z] =4 and arg (z) = - = 0= ry

lzZl=4 = r=4
So Polar form of z = r [ cos 6 + i sin 0]

{ 5n . . SRJ
= 4| cos—+1isin—
6 6

21
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ofeos(n-§)rrsm[x-)
e

[ T .. n}
4| —-cos—+1isin—

6 6
— 23 +2i

_h: ] . .
(1”).6 2z+:iz z|=|(1+z).(7+z)|
9-i2 | | 9+1 |
7+1+71+1 7+81
6+ 8i 3 é
10

Hence,z=—2\/—+2i.
Q32. Find |(1+i )(2“)
(3+1)

(2+1) 3-1i

ol {(1+D 37 X355

-1

Hence, (1+i)(2+1:j

3+i

Q33. Find principal argument of (1 +iv3 )2 .

Sol. Given that: (1 +i/3 )2

= 1-3+23i = —2+23i
243 Img(2)
= |—— ctano = |———
tan o —5 { ‘Re(z)
= tan0c=|—\/§|=
t —tanE o= o
= an o = 3 9T
Now Re(z) <0 and image (z) > 0.
g 2T
arg (z) =mn—-o= 33

Hence, the principal

1+4%.3+23i

arg—z—n
3 .

22
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— 5 /
Q34. Where does z lie, if z Z =1.
z+ D51
. z—5i
Sol. Given that: =1
z+ D51
Letz=x+yi
x+yi—5i| x+(y—5)i
x+yi+5i x+(y+5)i
|x+(y - 5)1'L = |x+(y +5)j
¥+ (y=-5) =22+ (y+5)°

(y-57° = (y +5)
Y +25-10y = y>+25+ 10y
200=0 = y=0
Hence, z lies on x-axis i.e., real axis.

tuouiLl

OBJECTIVETYPE QUESTIONS

Choose the correct answer out of the given four options in each of
the Exercises from 35 to 50 (M.C.Q.)

Q35.

Sol.

Q3e.

sin x +1 cos 2x and cos x — i sin 2x are conjugate to each other for:

1\«

= by x=\n+—=|.—

(a) x=nn ()x(n 2)2

(c) x=0 (d) No value of x
Let z = sin x +1 cos 2x

z =sinx —icos 2x
But we are given that z = cos x — 7 sin 2x
sin x —i cos 2x = cos x —i sin 2x
Comparing the real and imaginary parts, we get
sin x =cos x and cos 2x = sin 2x
= tanx =1 and tan2x=1

e s
= tan x = tan — and tan 2x = tan 1

b e
X = nn+Z, nel and 2x=nn+z

= x=2x = 2x-x=0 = x=0
Hence, the correct option is (c).

1-isino
The real value of o for which the expression
purely real is:

@ (n+D7 6 @n+1)7

(c) nm (d) None of these, where n € N

. . 1s
1+ 2isin o
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l1-isina  (1-isino)(1-2isino)
1+2isino  (1+2isin a)(1 - 2i sin o)

Sol. Let z =

1—2isin o — i sin o, + 2i° sin” o
(1)* - (2i sin ar)?
1-3isino—2sin*o  (1-2sin” o) — 3i sin o

1-44% sin’ o 1+4sin’a

1-2sin0 3sina
= - B
1+4sin*o  1+4sin’a
Since, z is purely real, then

—3sin o

———> =0 = sina=0
1+4sin” o

So, a.=nm, ne N.

Hence, the correct option is (c).

Q37. If z =x + iy lies in the third quadrant, then g also lies in the

third quadrant if
(@) x>y>0 (b) x<y<0
() y<x<0 d) y>x>0
Sol. Given that: zZ=x+iy
If z lies in third quadrant.
Sox<0andy<0.
zZ =x-1y
zZ x—iy_x—iyxx—iy
z _x+iy xX+iy x-—iy
B X +ify? = 2xyi X -y’ - 2wy
= 22— 2 T A
X —y? 2xy

- i
x2+y2 x2+y2

When z lies in third quadrant then Z will also be lie in third

quadrant z
2_ .2
xz ]/2 <0 and 22xy2 <0
T +y Tty
= ¥-y*<0 and 2xy >0
= ¥ <y  and xy >0
Sox <y <0.

Hence, the correct option is (b)
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Q38. The value of (z + 3)(z + 3) is equivalent to
(a) |z + 3 @) |z-3|
(c) z2*+3 (d) None of these
Sol. Given that: (z+3)(z + 3)
Let z=x+Yyi

So (z+3)(Z+3) = (x+vi+3)(x—yi+3)

= [(x+3) +yi][(x + 3) - yi]
= (x+ 3~y = (x+ 3+ y’
= |x+3+iy|2 =|z+3]

Hence, the correct option is (a).

Q39. If G i l,) —1, then
-1
(a) x=2n+1 (b) x=4n
(c) x=2n (d) x=4n+1, wherene N

1
Sol. Given that: ( ti

(1+i)(1+1) T+i2+2i) 1
((1—1)(1“)] _i2 B
l

1-1+2i Y x
= =1
141
= —(1)4”
= x=4n, ne N

Hence, the correct option is (b).
Q40. Areal value of x satisfies the equation

3 —4ix
( ; j=0(—i[3(0c,[3€R)ifoc2+[321sequalto

3+ 4ix
(a) 1 (b -1 (c) 2 (d) -2
3-4i
Sol. Given that: Xl -a-ip
3+ 4ix
3—4ix 3-—4ix ,
= — X — | =o-if
3+4ix 3-4ix
R 9 — 12ix — 12ix + 16i%x2 o i
= -1
9 —16i%x?
9 — 24ix — 16x>
= ———— =o-if
9 +16x
9 —16x? 24x ,
= =o-1B

— 1
9+16x> 9+16x>
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9-16x>  24x

» 2
9+16x° 9+16x
Multiplying eqn. (i) and (ii) we get

2
9 —16x> 2
x2 N 24x2 a2+ P2
9 +16x 9+16x

(9 - 16x%)* + (24x)* "

= i =o+if (i)

2 2
= +
(9 +16x°)? b
81+256x* —288x% +576x°  , .,
(9 +16x2) Soerp
81+256x* +288x*
- OrteE %P
9 +16x%)°
- E9+16x2;2 el
X

So, 02 + BZ =1
Hence, the correct option is (a).
Q41. Which of the following is correct for any two complex
numbers z; and z,?
(a) |2122| = |Z1||ZZ| (b) arg(zz,)=arg(z;).arg (z;)
© |a+z|=[z]+]z] @ |a+2)2la]-|=)|
Sol. Let z, =1, (cos 6, +isin 0,)
z1| =1y
and z,=71,(cosO,+isin0,)
22| =1,
2,2, = 1, (cos 0, +isin 0,) .7, (cos 6, +i sin 6,)
=147, (cos 0, +isin 0,) . (cos 6, + i sin 0,)
= 147, (cos 6, cos 6, + i sin 6, cos 0, +i sin O, cos O,
+i% sin 6, sin 6,)
= 1,7, [(cos 6, cos 6, —sin 6, sin 0,) +i(sin 0, cos 6,
+cos 0, sin 6,)]
=17, [cos (6, +6,) +isin (0, +60,)]
w mz| = [zl
Hence, the correct option is ().
Q42. The point represented by the complex number (2 -7) is rotated

T
about origin through an angle 5 in clockwise direction, the

new position of point is
(a) 1+2i (b) =1-2i  (c) 2+1i (d) -1+2i
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Sol.

Q43.

Sol.

Q4.

Sol.

Q45.

Sol.

Given that: z=2 -1
T
If zrotated through an angle of 5 about the origin in clockwise

direction.
Then the new position = z.¢” @2
=(2-i)e ™2

- - feos (2 ssn( )]

=Q2-1)0-i)=-1-2i
Hence, the correct option is (b).
If x, y € R, then x + iy is a non-real complex number if
(a) x=0 () y=0 () x#0 (d) y+#0
x +yi is a non-real complex number if y #0. If x, y € R.
Hence, the correct option is (d).
If a+ib=c+id, then

(@) a*+c*=0 (b) B*+c*=0

(c) b*+d*>=0 (d) a?+b*=c2+d>
Given that: a+ib=c+id

= |a+ib| = |C+id|

= N2 +0% = 2 +d?

Squaring both sides, we get a® + b* = ¢* + d*
Hence, the correct option is (d).
i+z| 1

The complex number z which satisfies the condition
lies on

(a) circle x*+y*=1 (b) the x-axis

(c) the y-axis (d) thelinex+y=1

i+z

Given that: =1

i—z
Letz=x+yi

i+x+yi x+(y+1)i
—x—(y-Di

= e+ (y+ i = [-x—=(y =D

J @ +1)? = Y2 +(y -1
CHy+1)’=x+y-17 = (y+1)P’=@F-17
Y+ +l=y>-2y+1 = 2y=-2y
4y=0 = y=0 = x-axis.
Hence, the correct option is (b).

=1 =

i—x—yi

=
=
=
=
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Q46. If z is a complex number, then
@) 122> 12| @) |2]=1zf
© |2l<l2f @ [2%|212f

Sol. Letz=x+yi
|z| = |x+yi| and |Z|2 = |x+yi
= |2 =242 (i)
Now 2% = x?+ Y% + 2xyi
22 =x2- yz + 2xyi
|22| = \/(xz —yz)2 +(2xy)2 = \/x4 +y4 —2x2y2 +4x2y2
Jat+yt 2%yt = (? +y%)?
So |z =x2+ Y= |z
So Iz = |22
Hence, the correct option is (b).
0Q47. |z1 + z2| = |Z1| + |zz| is possible if

|2

(@) z,=7 (b) z2 :Z

(0 arg(z)=arg(z) (@) |z|=|z)]
Sol. Letz, =r, (cos6,+isin®,) and z,=r, (cos 0, +isin6,)
Since |71+ 22| = |z1| 4|2
z,+zy,=71,C080,+ir sin0 +7r,cos0,+ir,sin6,

r12 cos? 0, + 1'22 cos? 0, +2nr, cosd; cosO,
|Z]+ZZ|= 2 .2 2 .2 . .
+1{ sin” 6, +r; sin” 0, +2#n7, sin6, sin6,
2, 2
= \/rl + 15 +2n1, cos (0, —6,)
But |z1 + zz| - |zl| +|Zz|

22 -
So \/rl +15 +2n1,c08 (0, —0,) =1+ 1,
Squaring both sides, we get
2,2
1 415 +217,c08 (8, —0,) = 1 +75 +2n1,

= 2r;r,—2r;r,cos (0,-6,) =0

= 1-cos(6,-6,)=0 = cos(6,-6,)=1
= 0,-6,=0 = 0,=6,

So, arg (z,) = arg (z,)

Hence, the correct option is (c).
1+icos®

Q48. The real value of 6 for which the expression ————— is a
1-2icos®

real number is
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L% n T
+— by nt+(-1)"—
(@) nm+~ () D77
(¢) 2nm+ g (d) None of these

1+icos®6 ~ 1+icos® ><1+2icosG

1-2icos® 1-2icos® 1+2icosO

1+ 2i cos 8 +1i cos 0 + 2i cos® 6
1-4i% cos®> 0

1+3icosB—2cos’ O

1+4cos” 0
1—2cos29+ 3cosH ;
1+4cos’® 1+4cos’6

If z is a real number, then
3cosH

144 cos’0 -
= 3cos0=0 = cosB=0

0 = (2n+1)§, ne N.

Sol. Let z =

Hence, the correct option is (c).
Q49. The value of arg (x), when x <0 is

a) 0 n T

(a) () 5

(c) m (d) None of these
Sol. Let z=—-x+0iand x <0

2 = J=D?+(0) =1, x<0
Since, the point (=x, 0) lies on the negative side of the real axis
(- x<0).
. Principal argument (z) =7
Hence, the correct option is (c).
Q50. Iff(z) = d ZZZ , where z=1+2j, then | f(z)| is equal to

IZI

@ — (b) Il

() 2|z| (d) None of these
Sol. Given that:z=1+2i

2l = J()? +(2)* =5

7
Now flz) = 1
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7-(1+2i)  7-1-2i
1-(1+2i)F 1-1-4% —4i
6-2 3-i 3-i 2+2i
4-4i  2-2  2-2i 2+2i
6+6i—2i—2i> 6+4i+2

442 T 444
=8+41=1+l.
1
So [F@) = 5
_ _f_i
4 2 2

Hence, the correct option is (a).
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