Chapter 13 - Limits and Derivatives NCERT Exemplar - Class 11

EXERCISE
SHORT ANSWER TYPE QUESTIONS

2
-9

Q1. Evaluate Lim ad
=3 x—3

2
X —9= Lim (x+3)(x—=3)

Sol. Given that Lim

=Limx+3

x—3 x—23 x—3 (x-23) x—3

Taking limit, we have
3+3=6
Hence, the answer is 6.

4x* -1
x—1
4x* -1
Sol. Given that: Lim X
1 2x-1
2x)" - (1)
m-—2 —\

Q2. Evaluate Lin11

xo—
2

X—>

=Lim
x> x—
2

= Lim (2x +1)

x>
2

Taking limit, we have

2

= 2><%+1=1+1=2

Hence, the answer is 2.

+
Q3. Evaluate: L1m i ~V
1/x+ —Jx

Sol. Given that L1m

JXT Jx
Ly e VT

2x+1)(2x-1)
1 2x -1 1 2x -1

[Rationalizing the denominator]

x+h-x

- Lim—— %
0 Hx + h +x]
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h

1
Lim ————— = Lim ——+
-0 BJx+h++x] =0 Jx+h++x
Taking the limits, we have
1 1

Je+Jx 2V

1
Hence, the answer is —.

24/x

PNTERIPNTE
Q4. Evaluate: LimL
x—0 X

+ )13 _ol/3
Sol. Given that Lim u
x—0 X

Putx+2=y = x=y-2
13 _51/3 1/3 _ 51/3
= Limy—=Lim 2
y-2-0 y-—2 y=2 Yy —=2

|

|
—
N
~
w

Il

1 n_ _n
1o 1.2—2/3 using Lim GRRL a”_l}

3 3 x—>a X —4a
Hence the answer is 1 (2)7%/3

1+x)°-1
Q5. Evaluate: Lim¢
=0 (1+x)% =1

1+x)° -1
Sol. Given that: Lim %
=0 (1+x)" -1

Dividing the numerator and denominator by x, we get
(1+x)° -1
= Lim —5—
=0 (1+x)° -1
x
Puttingl+x=y = x=y-1
Ul OO A Y€ ]
-1 _ Lim f(x)
_ Lilmo% _ % Lim J® :4
sy =) Lig V-7 | =20 800 Limg(x) |

y—1 y—l

~ 6.(1)671 B 6

2P 2
Hence, the required answer is 3.

. . x" —a" n-1
=3 using Lim =n-a
xX—a X—a
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2 + 5/2 _ + 2 5/2
Q6. Evaluate: Lim( X) (a+2)

xX—a X—a

Sol. Given that: Lim 2 )" @+
. . Lim
ol. Given that: Lim 20— (a+2)

2+x-a+2  (2+x)—(a+2)

x"-a"

x—>a X —a

2@ +2)21 = 2 (g4 2)¥2 |+ Lim
2 2

5
Hence, the required answer is > (a+ 2)3/2.

4 —
Q7. Evaluate: Lim x
x—1 \/E -1
xt—Jx

Sol. Given that Lim
x—1 x—1

. [x7/2 _ (1)7/2]
[P -1 x-1
- Lxgl —ho1 Lx1_>nl‘ ()2 — (1)1

x—1
[Dividing the numerator and denominator of x —1]

()72 - (1)

. x-1
x-1
[+ Lim f() g(x)=Lim f()-Lim g(x |
7( y2-1 712
2
= f5F—Xxl =—=7
1 (1)1/2 1 X1 = 1/2

Hence the required answer is 7.
2
-4
L im
QS Evaluate: \/?)xi \/_XT

Sol. Given that Lim

=2\ 3x -2 —Jx+2

Rationalizing the denommator we get

(x—2)(x+2)[f3x — 2 + Jx + 2]

p [J3x =2 — Jx+2][{3x =2 + \[x + 2]
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Li (x=2)(x+2)[{/3x -2+ Jx + 2]
= Lim

x—>2 3x-2-x-2

i (x = 2) (x +2) [{|(3x = 2) +Jx +2]
x—2 2x —4

. (x=2) (x +2) [{J(3x = 2) +\[x +2]
x—2 2(x —2)

(x+2)[{/3x =2+ Jyx+2]

= Lim

x—2 2

Taking limits, we have
(2+2)[,/ -2 +,2+2] _42+2] 4><4

=8
2 2
Hence, the required answer is 8.
‘g
Q9. Evaluate: Lim S S
2 x2 4 32x =8
xt -4
Sol. Gi that Lim ————
o iven ax_)fx 328
(x -2) (x +2)

x—1>r«rf1x2+4«/—x V2x -8
Lim (x ++/2) (x =2) (x* +2)
fo(x+4\/’) V2(x + 4+2)
m(x+\/—)(x V2) (x* +2) CLim (x ++/2) (x* +2)
2 (x+442) (x = 2) 2 x+442

Taking limits we have

_ 2 ++2)(2+2) _ 2V2x4 8
V2 + 442 SSﬁ 5

Hence, the required answer is —.

2x° +1
Q10. Evaluate Lim 3—x
1 x3 = 3x% +2

Sol. Given that

X’ —2x° +1 0
= Lim ——— [—form}
-1 x> - 3x2 +2 0
7 _ .5 5,2 5
— +1 _ — —
Lim X —-x° . X =) -1(x" =1

= L1im
=1 —x? =227 +2 xo1 P(x-1)-2(x2 -1)

Dividing the numerator and denominator by (x — 1) we get
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2_
xs(x 1)_
. x—-1
=Lim

NCERT Exemplar - Class 11

1[x5 -

x—1

x—1 — 2 _
2 x-1 _9 X
x—1 x—1

Lim 2°(x +1) le[x5_(1)5J

_ x>l x—1 x-1
Lim x? —2L1m(x+1)
x—1

_19-5- _2-5_ -3

1-202)  1-4 -3

Hence, the required answer is 1.
J1+ Jl
Q11. Evaluate: Lim < x’
x—0
Jl1+x° —J1-%°
Sol. Given that LinO1 5
x—

g ]
S N

1+2%)-(1-x°)

J‘:?xz[dl+x +4/1— x}

14+x" -1+
- Lim X 1+

e 2]
= Lim 2x° = Lim 2 =0
e fix ior] S e i
Hence, the required answer is 0.
X +27

Q12. Evaluate: Lim ——
3 x° +243

3

+27
Sol. Given that Lim x5—
-3 x° +243

x®+(3)°

-3
= Lim x— [Dividing the Nr and Den. by x — 3]
=3 x° 4+ (3)°

x—3
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) x3 _ (_ 3)3

Lim (x 13 ]  fy Lim @)
(xS —(=3)° ] s g(x)  Lim g(x)

Lim —_— x—a

x—3 x+3

3-3°" 3x(-3* 1 1

5-3°" 5x(-3)* 5x3 15

. .1
Hence, the required answer is 5

l2x-1 4?1

_ 2
Q13. Evaluate: Lim [Sx 3 4x +1]

8x—-3 4x*+1
Sol. Given that Lim( X x—j

- 2x-1 4x% -1
C[x=-3)@x+1) - 4x? +1)
= Lim 5
x—>%_ (4x _1)
C [16x* —6x+8x-3-4x2 -1
= Lim 5
x_%_ 4x° -1
(1222 +2x -4 C 262 +x-2)
= Lim| ——— =L1Hllz—
x_%_ 4x° -1 x> 4x° -1
Lim 2[6x% +4x—3x—-2] . 2[2x(3x+2)-1(3x +2)]
oy (@x+D)(2x-1) el @D @x-)

L 2Bx+2)e-1) L 23+2)
1 @u+1)2x-1) 1 (2x+1)

x— x>
2

Taking limit, we have

et o)

7
2><1+1 2 2

. L7
Hence, the required answer is —.

n_An
Q14. Find ‘' if Lim > -80,xeN
x—2 X —
xn _ n
Sol. Given that Lim =80

x—=2 X —
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1 x" —a"

—_ n—-1 _ . —

=n-(2)"" =80 -+ Lim =n-q""!
xX—a X—a

=nx2"1=5x(2)>!

n=>5
Hence, the required answer is nn = 5.
in 3
Q15. Evaluate: Lim s?n ol
x—0 sin 7x
Sol. Given that Lim sin 3x
x—0 sin 7x
sin 3x «3r  Lim (sm 3x)
Li 3x 3r-0 \ 3x 3
= Lim — = - X —
50 sSIn7x . (sm 7x) 7
X7x Lim
7x 7x=0\ 7x
1 3 3 sin x
= -—X—-== - Li =1
17777 X [ 0 x }
Hence, the required answer is 7
.2
Q16. Evaluate: Lim S 5 2x
x—0 sin” 4x
. . sin®2x
Sol. Given that Lim —
x—0 sin” 4x
sin? 2x
- Lim ———
x-0 sin” 2(2x)
Lim sin® 2x oD i
= 0 L sin 2x - cos? 2x [sin 2x =2 sin x cos x]
~ 1
4 cos? 2x
Taking limit we have
1 1
T 4.cos’0 4
Hence, the required answer is —.
1-— cos2x
Q17. Evaluate: Lim ———
x—0 X
1- 2
Sol. Given that Lim c—c;sx
x—0 X
2sin’x
= Lim H; [cos 2x =1 -2 sin? x]
x—0 X
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i 2 . sinx

= LimZ(Sme =2x1=2 [ Lim :1}
x—0 X x—0 X

Hence, the required answer is 2.

2 sin x — sin 2x

3

Q18. Evaluate: Lim
x—0 X

2 sin x — sin 2x

Sol. Given that Lim 3

x—0 X
. 2sinx—2sin x cos x . 2sinx(1-cosx)
= Lim 3 = Lim 3
x—0 x x—0 X
. 2sinx(1-cosx . sin x [ 2 sin? x/2
= Lim 5 = Lim 2 5
x—0 X X x—0 X X

. sin” —
- Limz(smx) 22 xi

x—0 X X
4
2
. sin x 1
- Limz(smsz 21 |.2
x—0 x x 4
2
2
. sin i
- Limé(smijim 2
x=0 4 X E—>0 E
2 2 .
—11-(1)P=1 [ Limsm":l}
x—0 X

Hence, the required answer is 1.

1—
Q19. Evaluate: Lim ——cosmx
x—0 1— cos nx

1—cos mx
Sol. Given that Lim ———
x—0 1— cos nx

. om
2 sin? > X
Lim
x—0

.ol
2sin® — x
2
2
.. m
SIn —X
2

x—0

. n
sin — x
2
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..m
sin — x
Lim X X 2
x—0 m m 2
5 1 " sin x
- 2 -—= [ Lim —— = 1}
2 1 n 2 x—0 X
sin — x 4 *
n
Lim X —x
x—0 . 2
sin —x
2
Hence, the required answer is —-.
n
J1- 6
Q20. Evaluate: Lim NITCOSHY
BN (E _ xj
3
~ 4J1—cos 6x
Sol. Given that Lim N
Tl
3
. 2 sin® 3x 5
= Lim — [+ 1-cosB=2sin" 0/2]
xag 2 (E — )
3
. V2 sin 3x . 3-sin (1 — 3x)
- Lim——— - Lim ——=
T 2(n—3x) LT T — 3x
3
3 s —=3x—0

. sinx
= [ Lim = 1}
Hence, the required answer is 3. 0 X

sin x — cos x
Q21. Evaluate: Lim —

x—)E X — E
4 4
. sinx-—cosx
Sol. Given that Lim ——
x—)E X — E
4 4
1 1
«/E(sinx—cosx)
= Lim V2 V2
n T
X%Z X ——

4
\/E (COS g sin x — sin g Ccos x)

= Lim
X—>— X —

T
4
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J2 sin (x—Z)

= Lim
T T
xoy x—=
T 4
sx—-——0

4
V21 =2
Hence, the required answer is /2 .
/3 sin x — cos x
22. Lim —M———
Q Lll‘;‘[l T
X—)g X ——

Sol. Given that Lim M;COSJC
T

X—>— X ——

6
[\/3 . 1 }
2 —smx—Ecosx

= Lim —=2
T T
X—)g X ——
[ T . . T }
2| cos — sin x — sin — coS x
- Lim = 6 6
T T
X—>— X ——
6
2 sin (x - Zj sin x
= Lim ————= { Lim = 1}
. (x _ nj =0 x
x=—=0 6
=2-1=2
Hence, the required answer is 2.
Q23. Evaluate: Lim w
x—0 2x + tan 3x
Sol. Given that: | 3y, S 2% +3%
x—=0 2x + tan 3x
(sin2x+3x) (sian 3x)
—— | X 2x +— | X 2x
. 2x . 2x 2x
= Lim = Lim
x>0 (Zx + tan 3xj x50 (2x tan 3x)
— X 3x —+ X 3x
3x 3x 3x
. sin2x 3
Lim s 2 sin x
_ \2x>0  2x 2). = [ Lim _ 1}
3 =0 X

[ 2 . tan Sx}
—+ Lim
3 3x-0 3x

10
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1+—
t
2 %2 {.'Lim anle}
x=0 X

1

Hence, the required answer is 1.
sin x —sina
Q24. Evaluate: Lim

x—a \/;—\/E

Sol. Given that: Lim smx-sina
x—a \/_ — \/E
. sinx-—sina \/§+\/E
= Lim

i Nx-va x+a

. (sinx—sina)(ﬁ+\/5)
= Lim

xX—a X—1a
+ —_
(ZCOSX a-sinx2a)(«/§+\/5)
= Lim

xX—a X—a

. X—a
s ——
xX+a
= Lim |2cos —2 (\/;+\/;)
x—a 2 xX—a
L x-a 2 X
..T—>0 2

)(x/hﬁ) v Lim ——2-=1

= Lim cos (

X+a
x—a 2

Taking limit we have
+
= cos(azaj(\/ﬁ+\/ﬁ) = cosax2Ja = 2\/;'COSQ
Hence, the required answer is 2\/; Cos 4.

tx -3
Q25. Evaluate: Lim cot ¥

1™ cosec x —2

2

cot“x -3

Sol. Given that Lim ——
1T cosec x —2

6
2 2
cosecx—1-3 . cosec’x—4
=Lim——— =Lim——

~® cosecx—2 ,Hg cosec x — 2

11
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(cosec x +2) (cosec x —2)

= Lim = Lim (cosec x + 2)
P2 (cosec x —2) X_%
6
Taking limit we have

= COSGCE-‘rZ =2+2=4

Hence, the required answer is 4.

2 -1+
Q26. Evaluate: Lim ﬂ

2

x—0 sin” x
2 - J1+
Sol. Given that Lim «/_—Zcosx
x—0 sin” x
Li V2 - 1+ cosx x/§+,/1+cosx
= Lim X
20 sin? x V2 + [T+ cos x
) 2 —(1+ cos x)
= Lim >
x=0 gin” x [\/5 +./1+ cos x:l
. 1-cosx
= Lim 5
x=0 gin” x [\/5 +.,/1+ cos x:l
) 2 sin® x/2 1
= Lim - 5 X
x>0 (2 sin x/2 cos x/2) [\/E + /1 + cos x]
. 2 sin® x/2 1
= Lim

=0 4 sin’x/2 cos? x/2 8 [\/5 + /1 + cos x]
2 1
= Li
50 xx[\/z+1/1+cosx]

x—0
4 cos® =
2

Taking limit, we get
= 2 X 1 - l X 1 = L
4c0s20 (2++2) 27 2427 42
Hence, the required answer is ——.
e 42

sin x — 2 sin 3x + sin 5x

Q27. Evaluate: Lim
x—0 X

sinx — 2 sin 3x + sin 5x

Sol. Given that: Lim

x—0 X
. sinx 2sin3x sin5x
= Lim - +
x—0 X X X
. sinx . sin 3x . sin b5x
= Lim —Lim?2 X 3 + Lim x5
=0 X 3x—0 3x 5x—0 5x

12
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=1-6+5=0
Hence, the required answer is 0.
xt -1 P
Q28. If Lim =Lim , then find the value of k.
-1 x—1 x—k x2 —
4 3_13
Sol. Given that Lim > L Lim > £

=1 x—=1  xok 42 _ k2

(=K (* + k% +kx)
= 4 = Him

X+ K+ kx K+ k> + K
= 4=Lim—— = 4= —— —
x—k x+k 2k
2
= 4=£ = 4=Ek = k:§
2k 2 3

8
Hence, the required value of k is 3
Differentiate each of the following functions from Exercise 29 to 42.
PR G |

Q29.
x
4.3, .2
Sol. i(“x—””)zi( e +x+1)
dx x dx x
1
=3 +2x+1-—
x
1
Hence, the required answer is 3x% +2x +1— — -
3
Q30. (x + lj
x

3
d 1 d( ;3 1 3
L —|x+=| =— +—+3x+—
Sol dx(x x] dx( 3 X xj

= i(x"’+x’3+3x+3-x’1) =322 -3x*+3-3.x72

dx
3 3
=3 - +3-—
x* x?
. . > 3 3
Hence, the required answer is 3x° — —+t3-—.
X x

Q31. (3x+5)(1+tanx)
Sd-ﬁww+aa+mnm
dx

13
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= (3x+5)i(1+tanx)+(1+tanx)i(3x+5)
dx dx

(3x +5) (sec’x) + (1 + tan x) (3)
=3xsec’x+5sec? x+3+3tanx [using product rule]
Hence, the required answer is 3x sec’ x + 5 sec * x + 3 tan x + 3
Q32. (secx—1) (secx +1)

Sol. a4 (secx—1)(secx +1)
dx d d
= (secx—1)-—(secx + 1)+ (sec x + 1) — (sec x — 1)
dx dx

[using product rule]
= (secx —1) (sec x tan x) + (sec x + 1) (sec x tan x)
=secxtanx (secx—1+secx+1)
= secx tan x - 2 sec x =2 sec’ x - tan x

Hence, the required answer is 2 tan x sec®x.

3x+4
5x2—7x+9

Sol. A4 [_3x+4
dx | 5x%* = 7x+9

(5x2 —7x+9)i(3x+4)—(3x+4)-i(5x2 —7x+9)
dx dx

Q33.

(5x* = 7x +9)*
[Using quotient rule]

(5x* = 7x +9) (3) — (3x + 4) (10x — 7)
B (5x2 —7x +9)>
15x2 = 21x + 27 — 30x? + 21x — 40x + 28
(5x% = 7x +9)?
~15x% —40x+55 55— 40x — 15x2
(522 —7x+97 (542 —7x+9)%
55 — 40x — 15x2
(5x% = 7x +9)?

Hence, the required answer is

Q34 x° —cos x
sin x p ;
i 5 5 .
5 tTo - —_ — - —
Sol. d (x — cos xj _ smx- (x” = cos x) — (x” — cos x) o (sin x)

dx sin x sin? x

[Using quotient rule]
sin x (5x4 +sin x) — (x° — cos x) (cos x)

sin? x

14
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5x* - sin x + sin? x — x° cos x + cos® x

sin? x

cos x + (sin2 X + cos? X)

sin? x

5x*sinx —x’ cos x +1
2

5x*sin x — x°

sin” x 5x*sin x —x° cos x +1
Hence, the required answer is > .
sin” x
x?cos ©
Q35. —4
sin x
¥? cos ©
Sol N ] —COSE-i x
" odx | sinx 4 dx|\sinx
% [sin X- di (x?) — x? di (sin x)}
- 2 X 5 X [Using quotient rule]
sin” x
1 [sinx-Zx—x%osx}_ 1 2x  x*cosx
V2 sin” x V2 |sinx  sin’x
1 2
= —[2x cosec x — x~ cot x cosec x]
V2

7

x
Hence, the required answer is E cosec x [2 — x cot x].

cosec x[2 — x cot x]

Q36. (ax*+ cot x) (p + g cos x)
Sol. di (ax* + cot x) (p + g cos x)
X
= (ax? +cotx)di(p+qcosx)+(p+qcos x)di(ax2 + cot x)
X x
[Using Product Rule]
= (ax2 + cot x) (—gq sin x) + (p + g cos x) (2ax — coseczx)

Hence, the required answer is
= (ax* + cot x) (- g sin x) + (p + g cos x) (2ax — cosec? x)

a+bsinx
Q37. — —— —

c+dcosx
Sol d (a+bsinx
O Ux\ct+dcosx

15
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(c+dcosx)-£(a+bsinx)—(a+bsinx)£(c+dcosx)
dx dx

(c +d cos x)? ) .
[Using quotient rule]

(e +d cos x) (b cosx) — (a+ Db sin x) (—d sin x)

(c +d cos x)*
cb cos x + bd cos? x + ad sin x + bd sin® x

(c +d cos x)*
cb cos x + ad sin x + bd (cos® x + sin® x)

(c +d cos x)*
cb cos x + ad sin x + bd

(c +d cos x)*
Q38. (sin x + cos x)?

Sol. 4 (sin x + cos x)* = 4 (sin x + cos x) (sin x + cos x)
dx dx
. d .
= (sin x + cos x) — (sin x + cos x)
dx
. a .
+ (sin x + cos x) = (sin x + cos x)
x

= 2(sin x + cos x) di (sin x + cos x)
X

= 2(sinx + cos x) (cos x — sin x) = 2(cos®x —sin’x) =2 cos 2x
Hence, the required answer is 2 cos 2x.
Q39. (2x-7)*> (3x +5)°

Sol. - (2x - 7)* (3x +5)°
dx

= (2x - 7)> -i(3x+5)3 +(3x +5)° -i(zx—7)2

dx dx

[Using product Rule]
=(2x-7)?-33x+5)%-3+Bx+5)°>-2(2x-7).2
=9(2x - 7)* (3x +5)2 + 4(3x + 5)°> (2x - 7)
= (2x—7) (3x +5)? [9(2x — 7) + 4(3x + 5)]
= (2x - 7) (3x +5)% (18x — 63 + 12x + 20)
= (2x = 7) (3x + 5) (30x — 43)
Hence, the required answer is (2x — 7) (30x — 43) (3x + 5)°
Q40. x?sin x + cos 2x

Sol. 4 (x? sin x + cos 2x) = 4 (x? sin x) + 4 (cos 2x)
dx dx dx

16
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= (x2 COos X + sin x - 2x) 4+ (=2 sin 2x)
= x? Cos X + 2x sin x — 2 sin 2x
Hence, the required answer is x>

Q41. sin® x cos®x

Cos x + 2x sin x — 2 sin 2x.

. a .
Sol. 4 (sin® x cos® x) = sin® x- — cos® x + cos® x- — (sin’ x)
dx d dx

x
[Using Product Rule]
= sin® x - 3 cos® x (- sin x) + cos® x - 3 sin” x - cos x
= -3 sin* x cos® x + 3 cos* x sin? x
= 3 sin® x cos? x (- sin® x + cos® x)
= 3 sin? x cos? x - cos 2x

3 .
= Z-4sm2xc032x~cos 2x = %(2 sin x cos x)* cos 2x

= %sin2 2x - cos 2x

. .3 .
Hence, the required answer is 1 sin® 2x cos 2x

1
Q2. ax® +bx +c

d 1 (ax2+bx+c)di(1)—1-d£(ax2+bx+c)
Sol. — = X X

dx (ax2+bx+cj (ax® +bx +c)*

[Using quotient rule]
(ax? + bx +¢) x 0 — (2ax + b) — (2ax +b)
- (ax? +bx +¢)? - (ax® +bx +¢)*
—(2ax +b)

Hence, the required answeris ~—— — 5
(ax~ +bx +¢)

LONG ANSWERTYPE QUESTIONS
Differentiate each of the functions with respect to ‘x” in Exercise 43 to
46 using first principle method.
Q43. cos (x> +1)
Sol. Let f(x) = cos(x*+1) ()
= f(x+ Ax) = cos [(x + Ax)* + 1] (i)
Subtracting eq. (i) from eq. (i) we get
f(x+Ax)—f(x) = cos [(x + Ax)?+1] - cos(x> + 1)
Dividing both sides by Ax we get
f(x+Ax)=f(x)  cos[(x+Ax)*+1] - cos(x* +1)
Ax Ax

17
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. Lim flx+Ax) = f(x) _ Lim cos[(x +Ax)* +1]-cos(x* +1)

Ax—0 Ax Ax—0 Ax
. Cos x + Ax)? +1]—cos (x> +1
£y = Lim 8L+ 497+ 1 —cos (& +1)
Ax—0 Ax

[By definitions of differentiations]

_Zsin[(x+Ax)2+1+x2+l}

2
, {(x+Ax)2+1—x2—1}
.sin
= Lim 2
Ax—0 Ax
C+D C-D
{ cos C—cos D =-2sin - sin }
2 2
. {x2+Ax2+2x~Ax+x2+2}
—2sin
2
. {x2+Ax2+2xAx—x2}
-sin
- Lim 2
Ax—0 Ax
2 Ax +2
—ZSin{xz+Ax+xAx+1}sin[Ax(x)
= Lim
Ax—0 Ax
2
—2sin l:x2+A;C+xAx+1}
. (Ax + 2x)
) 'Sln|:A.X 5 (Ax_l_zx)
= Lim X
A0 [Ax+2x} 2
Ax >
Ax+2
o sm[AxHx)}
= Lim —Zsin{x2 +—+xAx+l}- 2
Ax—0 2 [Ax+2x}
Ax+2x Ax
Ax[ 2 :‘»0 2
[Ax+2x}
X
2

Taking limit, we have

=—2sin (x?+1)-1- (x)=—2xsin (x* +1) [ Lim o * =1}
x—0 X

Hence, the required answer is —2x sin (x* + 1).

18
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" ax+b
Q cx +d b
ax +
Sol. Let = ]
ol Le fo =~ (i)
a(x+Ax)+b .
= S v @

Q45.
Sol.

Subtracting eq. (i) from eq. (ii) we get
a(x+Ax)+b ax+b
fle+Ax)—f(x) = -
c(x+Ax)+d cx+d
Dividing both sides by Ax and take the limit, we get
a(x + Ax)+b B ax+b

Limw — Lim c(x+Ax)+d cx+d

Ax—0 Ax Ar—s0 Ax
— f'(x)= Lim (ax + aAx +b) (cx + d) — (ax + b) (cx + cAx + d)
Ax—0 [c(x + Ax) + d] (cx + d) - Ax

[Using definition of differentiation]
acx® + ac Ax - x + bex + adx + adAx + bd
—acx® — acAx - x — adx — bex — be - Ax — bd

= Lim
Ax—0 (cx +cAx +d) (cx +d) - Ax
. (ad — bc) Ax
= Lim
Ax—>0 (cx + cAx +d) (cx + d) - Ax
. (ad — bc)
= Lim

Ax—0 (cx +¢- Ax + d) (ex + d)
Taking limit, we have

B (ad—bc)  ad-bc
S (cx+d)(cx+d)  (cx +d)>
Hence, the required answer is ad;bcz.
o (cx +4d)
X
Let fx) = %3 (i)
flx+Ax) = (x + Ax)*P (ii)

Subtracting eq. (i) from (ii) we get
Flx+Ax) = f(x) = (x + Ax)¥3 — %3
Dividing both sides by Ax and take the limit.
_ 2/3 _ .2/3
Lim flx+Ax) - f(x) _ Lim (x + Ax) x
Ax—0 Ax Ax—0 Ax
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2/3
x2/3[1+Ax} — 3
’ . X

x) = Lim
f( ) Ax—0 Ax

[By definition of differentiation]

2/3
x?/3 {(1 +§j - 1}
X

= Lim
Ax—0 Ax
x2/3[(1+§-Ax+ ---)—1}
= Lim ad
Ax—0 Ax

[Expanding by Binomial theorem and rejecting the higher
powers of Ax as Ax — 0]

23 2 Ax
P e eid
- Lim 3 x _2.2-1_2 13
Ax—0 Ax 3 3
Hence, the required answer is %x_l/ 3.
Q46. x cos x

Sol. Let Y =XCOSX (1)
y+Ay = (x+Ax) cos (x + Ax) (11)

Subtracting eq. (i) from eq. (i) we get

y+Ay—y = (x+ Ax) cos (x + Ax) — x cos x

= Ay = x cos (x + Ax) + Ax cos (x + Ax) — x cos x
Dividing both sides by Ax and take the limits,

. Ay . xcos(x+ Ax) — x cos x + Ax cos (x + Ax)
Lim — = Lim
Ax—0 Ax  Ax—0 Ax
d_y L x[cos (x + Ax) — cos x]+Lim Ax cos (x + Ax)
dx Ax—0 Ax Ax—0 Ax
Ay _dy
By definition Lim —
A0 Ax  dx
[—ZSin (x+ Ax + x) sin (x+Ax—x)}
= Lim 2
Ax—0 Ax

+ Lim cos (x + Ax)
Ax—0

{ . ( Ax) . Ax}
x|—-2sin|x+— |-sin —
2 2

= Lim + Lim cos (x + Ax)
Ax—0 Ax Ax—0
Ax 2X—
—-0 2
2
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Ax — 0 Taking the limits, we have

sin7
&
2

= x[-sin x] + cos x

Lim

. ——0
=—Xxsinx+cosx 2

Hence, the required answer is —x sin x + cos x

Evaluate each of the following limits in Exercise 47 to 53.
. (x+y)sec(x+y)—xsecx
m

Q47. I;l_)0 "
Sol. Lim (x +y)sec(x+y)—xsecx
. Li
y—0 y
Li xsec(x+y)+ysec(x+y)—xsecx
= Lim
y—0 Yy
_ Lim [x sec (x +y) — x sec x] + Lim ysec(x+y)
y—0 Yy y—0 y

x [sec (x + y) — sec x]

- Lim + Lim sec (x + y)
y—0 Yy y—0
i 1 1
x _
) cos(x+vy) cosx .
= Lim — + Lim sec (x + y)
y—0 Yy y—0
. [ cos x —cos (x +y) .
= Lim x + Lim sec (x + )
y=0 | y-cos(x+y) cosx y—0
9 sin (x+x+y)
2
x
sin (x;y)
= Lim — + Lim sec (x + y)

y=0 1y cos(x+y)- cosx y—0

o[ -2 x+¥)-sin 4]

= + Lim sec (x + )
cos(x+y)-cosx-y y—0

2sn(x+4Jan(2]]

= Lim x
y—0

y
_,%HO cos(x+y)‘cosx-(2)'2

+ Lim sec (x + y)
y—0
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Taking the limits we have

= x|sinx - ——
COS X - COS X

:|+SEC3C

=xsecxtanx+secx=secx (x tanx+1)
Hence, the required answer is sec x (x tan x + 1)
sin (o + B)x + sin (o.— B)x + sin 20~ x
015, Lim S (@ B+ sin (0-p) )
x>0 cos 2Px — cos 20x

Sol. Given, Lim [sin (o + B)x + sin (0 —B)x + sin 20 - x] .
x=0 cos 2PBx — cos 20w

[2 sin o - cos Bx + sin 20+ x]- x

= Lim - -
x>0 2sin (o0 + P)x - sin (o0 — ) x

C+D C-D
sin C +sin D=2sin > - COS >

C+D C-D
cos C—cos D=-2sin > -sin 5

Li [2 sin o - cos Bx + 2 sin ox - cos o] - x
= Lim
x—=0 2 sin (o0 + B)x - sin (o0 — B)x

2 sin ox (cos PBx + cos ow) - x
x—>0 2sin (o + B)x - sin(ot — B)x

sin o 2cos(a+ﬁjx-cos[a_ﬁ)x X
. L 2 2 i
= Lim

x—0 sin (o + B)x - sin (o0 — B)x
sin ox 2c0s(a+Bjx-cos(a_B)x <X
L 2 2 _
0 Zsin(wjx-cos(a+ﬁ)x
2 2
-ZSin(a_B)x-cos(a_B)x
2 2

C+D C-D
cos C+cos D=2 cos 2 - COS

and sin 2x = 2 sin x cos x

. sin o - x
= Lim

0 ZSin(OH_B)xsin(a_Bj-x
2 2
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sin o
ox

1 (ax)x
= Lim —

02 o+
7 sin( p

S [k

N | =

N | =

1
9 0L2—[32 0(2—[52

20
0(2 _ BZ

Hence, the required answer is

3
tan” x —tan x
049. Lim ————
T

b
=y cos (x + —j
4

3 p—
Sol. Given, lew

T i
=y cos (x + Z)

2
tan x (tan“x -1
Lim ( ) = Lim tan x - Lim

_ _1xLim (1—tan x) (1 + tan x)

T T
—y cos (x + )
4

1-tan x

= Lim —(1 + tan x) - Lim p
T T
=y =5 | cos (x + Zj

(cos x — sin x)

= —(1+1)-Lim
n Y
X7 COS x - cos (x +4)

jxx(owﬁ)x Si“(a;ﬁ)"‘xw—ﬁxx

2

—(1-tan® x)

n T b T T
=3 cos X+Z 7 2% | cos x+Z
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ﬁ(lcosx—lsinx)
= —2x Lim \/E \/5

T T
oy COS X - COS x+Z

T LT
COS — - COS X — Sin — sin x
4 4

- —2\2Lim
4ol
2 Ccos x-cos| x+ 1
T
. —Zﬁ'cos(x+zj N/ . o
= Lim o - n (Taking limit)
Y777 COos x - Cos (x + —j Ccos —
4 4
-242
= T\/_ =-2x2=-4
NA
Hence, the required answer is —4.
1-sin *
Q50. Lim 2
X—T X X . X
COs —| cos — —sin —
3 (cos g -sn)
1-sin d
2

Sol. Given, Lim
X—>T X X . X
COS — (COS — — SIn 4)

X .2 X .X X
cos” — +sin” — —2sin— - cos —
4 4 4

= Lim

xan( 2 X . zx)( X . x)
COS™ ——Ssm ™ — || COS — —SsIin —
4 4 4 4

[+ cos20=cos? 6 —sin® 0]

( X .x)z
cosZ—st
= Lim

x%n( x . x)( X . x)( X . xj
€Os ——sin— |- cOs — +sin — || cOS — — sin —
4 4 4 4 4 4

. 1
= Lim—————
XN X . X
(cos —+sin )
4 4
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Taking limits we have

11 1 1
- n . n 1 _T_f
COS — + sin —

Hence, the required answer is
a ﬁ

x—4
Q51. Show that Lim | 4| does not exist.

x—>4 X —
-4
Sol. Given Lim |x |
x—4 x—4
LHL=Lim_(x_4)=—l |x 4| (x —4)if x <4]
=4 x—4
RHL = Lim —— =1 [+ |x—4|=(x—4)if x> 4]
x—4" X —
Since LHL # RHL

Hence, the limit does not exist.

k cos x T
, when x#—
T —2x 2
Q52. Iff(x)=
i T
3, x=—andif = (—)
x=andi fx)y=f >
Find the value of k.
k cos x T
n 72
Sol. Given, f=1""
i
3, x=—
2
kcos(n—h)
k cos x 2

LHLf(x) = Lim

ksinh _L ksinh

= Lim im

=0 m—m+2h h=0 2h

h

=£.1:k l: lesm =1]

2 2 h—0 h

k cos (n + h)
_Limkcosx_Li 2
RHL flx) = i = s (
2
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. —ksinh
= Lim ——
=0 T—T1 —2h
_ Lim —ksinh - k ‘: Lim &2 h _ 1:|
=0 —2h 2 h—0 h

we are given that LiI? flx)=3

x—==
2

k
—=3 = k=6
So, 5

Hence, the required answer is 6.

i T XS enfind e wh
53. xX)= then find ¢ when 1 exists.
Q fo) cxz, x>-1 x—1>rf]1 f@x)

2

x+2, x<-1
Sol. Given, flx) =
cxt, x>-1

LHL= Lim f(x) = Lim (x+2)
x—-1"

x—>-1"

Lim(-1-h+2)=Lim (1-h) =1
h—0 h—0

RHL= Lim cx? = Limc(-1+h)*> =¢
* h—0

x—-1
Since the limits exist.
LHL = RHL
c=1

Hence, the required answer =1
OBJECTIVETYPE QUESTIONS

Q54. Lim ST i equal to
x->n X —T
(@) 1 (b) 2 © -1 @) -2

. . sinx . sin(mw—x)
Sol. Given, Lim = Lim——
=t X —T0 x> —(Tc—x)

sin x
=-1 [ Lim =landn-x—0 :x—)n}
x—=0 X
Hence, the correct option is (c).
2

Q55. Lim X 08T s equal to
x—0 1—cos x
(a) 2 (b) 3/2 (c) -3/2 d 1
2 2
Sol. Given Lim X oSt _ Lim * cost [ 1-cos x =2 sin® E}
x—0 1—cosx x—0 . 2 X 2
2 sin E
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x? Y
— X 4 cos x > -2cos x
—Lim4 - Lim =
x=0 2 sin2 x x>0=350 sin? x
5 2
x 2
- Lim|—2 -2 cos x
2 2
. X
=2cos0=2x1=2 [ Lim — :1}
x—=0 SIn x
Hence, the correct option is (a).
1+x)" -1
Q56. Lim A+ -1 is equal to
x—0 X
(a) n 0) 1 () —n @ 0
n_ no_\n
Sol. Given Lim (1+x) -1 =Li d+x -1
x—0 X =0 (1+x)—(1)
1+x)" —(@D" e
= Lim D Myt L Lim T
1+x-1 (I4+x)—(1) xsa X —a
Hence, the correct option is (a).
m f—
Q57. Lim xn is equal to
-1 x" =1
(a) 1 (b) m/n (¢) —m/n (d) m?/n?
A R x—1
Sol. Given Lim > =Lim
e | x—1 AT _(1)”
m(1)" ' m ! x" —a"
= = — X 'L — n-1
n()"  n { e x—a 0 }
Hence, the correct option is (b).
Lim 1-cos40
Q58. &0 1-cos60 ° equal to
(a) 4/9 (b) 1/2 (c) =1/2 d) -1
pa— 1 2
Sol. Given Lim 1—cos 46 1 2 sin” 20

im——
60 1—cos60 6-0 2sin“ 30

l: 1—-cos 0 =2 sin? g]
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.2 in 20 2
_ Lim sm2 20 Lim s%n
6—0 sin“30 6—0 | sin 30
2
in 2
sin 20 20 , )
- Lim %T =[§} =(2) _4
2930 St X 30 30 3 9
36—0 30
Hence, the correct option is (a).
Q59. LimM is equal to
x—0 X
@ -~  ®1 © = @ -1
2 2

1 COS X
cosec x — cot x . sinx sinx
—=Lim———

Sol. Given Lim

x—0 X x—0 X

.2 X

. 1-cosx 2sin 2
Lim - =

x>0 xsin x

. X X
x~2s1n5cos—

[ sin 2x = 2 sin x cos x]

.X X X
sin — tan — tan —
- Lim _ Lim = Lim —2
x—0 X x—0 X x—0 X
X COS — 2X =
2
1 1 tan x
==—x1== Li =1
2 2 [ ) }
Hence, the correct option is (c).
Li sin x
im-——
Q60. 350 Jr+1—1—x
(a) 2 () 0 (0) 1 (d) -1
sin x

1. Gi m-——
Sol. Given I;gl(}\/m—F

Lim s1nx[1/x+1+1/1 x}
O o S s Y e P

Lim smx[,/x+ +,/1—x]

x—0 x+1-1+x
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sin x| /x+1+41-x :
L

Taking limit, we get

=_><1><[,/0+1+J ]=—><1><2 1

Hence, the correct option is (c).
2

-2
Q61. Lim S€C X7 2 g equal to
»T tan x —
4
@ 3 (0) 1 (© 0 @ 2
2 2
Sol. Given, Lim sec”x -2 Liml+’tar1 x—2
T tanx—-1 ,* tanx-1
4
t -1 3
_ Lim& i (tanx+ 1) (tanx —1)
x—>g tanx -1 x%E (tanx—l)
4

Lirg(tanx+1)=tang+1=1+1=2

P
4

Hence, the correct option is (d).

(x —1)(2x - 3)

Q62. Lx1—>l 2% +x-3
1
(a) E () 0
() 1 (d) None of these
(x -1)(2x - 3)

Sol. Given Lim
i1 2x2 +3x—2x-3

_ (x =1)(2x - 3) =Lim(\/E—1)(2x—3)

-1 x(2x +3)-12x +3) x=1 (x-1)(2x +3)
(x/E—l x +1) (2x - 3) L (=1 (@2x-3)
pay (-1 (Nx +1)(2x+3) 1 (x—1)(x +1)(2x +3)

_ Lim__ =%
w1 (Vx +1) (2x + 3)
Taking limit we have
2(1)-3 -1 -1
T W1+1)@2x1+3) 2x5 10
Hence, the correct option is (b).
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sin [x]

, [x]#0
Q63. If flx) = [x] where [-] denotes the greatest
0, [x]=0
integer function. Then Lim f(x)
(a) 1 =07 ) 0
(¢) -1 (d) None of these
sin [x]/ [x] %0
Sol. Given, flx)=1 [x]
0, [x]=0
. sin[x] . sin[0—h] . —sin[-H]
= = —— -
v R v TV N R e A
RHL = Lim S0 SIROHA oy sinlil_
=0"  [x] h—0 [0+ k] h—0  [h]
LHL # RHL
So, the limit does not exist.
Hence, the correct option is (d).
. |sinx|
Q64. Lim is equal to
x—0 X
(a) 1 ) -1
(c) Does not exist (d) None of these.
Sol. Given Lim |sm x|
x—0 X . )
LHL - Lim —sinx . [ Ligy 0% _ 1}
x—0" . X x—0 X
RHL = Lim 20> =1
x—=0"  x

LHL # RHL, so the limit does not exist.

Hence, the correct option is (c).
x*-1, 0<x<2

65. If f(x) = , then the quadratic equation
Q f& 2x+3, 2<x<3 d 9

whose roots are Lim f(x) and Lim f(x) is

x—2 x—2
(@) x¥>—6x+9=0 (b) ¥*-7x+8=0
(c) x¥*~14x+49=0 (d) ¥*-10x+21=0
x> -1, 0<x<2
2x+3, 2<x<3

Lim f(x) = Lim (x*-1)
x=2 x—2"

Sol. Given f(x) = {
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Lim[(2-h)* =1] = Lim (4 +h®—4h - 1)
h—0 h—0
= Lim (W*—4h+3)=3
) h—0
and Lim f(x) = Lim (2x +3) = Lim[2(2+h) +3]=7
x—2 r—2* h—0

Therefore, the quadratic equation whose roots are 3 and 7 is
x>—(B+7)x+3x7=01ie., x*—10x + 21 = 0. Hence, the correct
option is (d).

tan 2x — x

Q66. Lim ————— isequal to
x—0 3x —sin x .
1 1
a) 2 by — ) —= d) —
(a) (0) 5 (©) 5 (d) 1
tan 2x
tan 2x — x x[ B 1}
Sol. Given Lim ————— =Lim ——>* 4
x>0 3x—sinx  x-0 [ sin x:|
x| 3 -
tan 2x x
Ling 2x . =1.2—1=2—1=l
a0 sosnir 3o T2 T
20 ¥
Hence, the correct option is (b).
1
Q67. If flx) = x - [x], € R then f'(E) is equal to
3
(a) 5 () 1 () 0 (d) -1

Sol. Given f(x) = x — [x]
we have to first check for differentiability of f(x) at x =1/2

 (2) -ty 2L

h—0 —h
EREIERH
Li 2 2 2 2
= Lim
h—0 —-h
1—h—O—l+0 _n
— Lim 2 2 "
h—0 —-h —-h
1 l+1)-13)
7l = — =L‘
Rf(zj RHD hl_%‘ L
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)ar)-2a)

= Lim
h—0 h
l+h—1—1+1
= Lim 2 2 _h_ 1
h—0 h h
Since LHD = RHD

1
4 — 1
()
Hence, the correct option is (b).
1
=Jx +—, dy
Q68. If ¥ NP then - at x =1 isequal to

1

1
1 (© N
Sol. Given that y=+x+ N

dy - °
Ir 2Jx 2

(d_yj B
dx atx=1 - 2 2_

Hence, the correct option is (d).
-4
Q69. Iff(x)= J;T, then f’(1) is equal to
5 4
a = by = ) 1 d) 0
(@) 1 (b) S (©) ()

x—4
Sol. Given that X) = ——
s 2Jx

—\/§~1—(x—4)-21x]

@) 0

) = Jx

L X

[2x—x+47] 1[ x+4
| 2Vxx }zi{z(x)”}
[1+47 5
2><1}:Z
Hence, the correct opti(_)n is (a).

1

1+—

d
Q70. If y= xl then% is equal to
e

N[— N~k N~

f(x)yatx=1

32



Chapter 13 - Limits and Derivatives NCERT Exemplar - Class 11

—4x —4x
@ (x* - 1) R
1-x% 4x

- @ 71

(©)

2
x2 _x +1

Sol. Giveny = =
Y y x? -1

dy  (x*=1)-2x - (x* +1)-2x
dx (? -1y
2x(x*-1-x*-1) 2x(-2) = —4x
G T e e
Hence, the correct option is (a).
sin x + cos x dy

Q71. If y=—, then—= atx=0isequal to
sin x — cos x dx

(@) =2 (b) 0
(¢) 1/2 (d) Does not exist
sin x + cos x

Sol. Giveny= —
sin x — cos x

(sin x — cos x) (cos x — sin x)

dy — (sin x + cos x) (cos x + sin x)

dx (sin x — cos x)2

—(sin x — cos x)2 —(sin x + cos x)2

(sin x — cos x)?

2

—[sin” x + cos® x — 2 sin x cos x

+sin® x + cos® x + 2 sin x cos x]

(sin x — cos x)2
-2

- (sin x — cos x)2

-2 -2
. (d_y) _ = =2
dx Jatx=0 (sin 0 — cos O)2 (- 1)2
Hence, the correct option is (a).
sin (x +9) dy
72. Ify=———,then—atx=0 j 1
Q Y o5 1 en ™ at x is equal to
(a) cos9 (b) sin9 () O d 1

33



Chapter 13 - Limits and Derivatives NCERT Exemplar - Class 11

Sol. Given _ sin(x+9)
Cos X
d_y _cos x-cos (x+9)—sin (x +9) (—sin x)

dx cos? x
cos x cos (x +9) + sin x sin (x + 9)
cos? x

cos(x+9—x) cos9

COS2 X COS2 X

dy cos9 cos9
— = o= =c0s9
dx Jatx=0 cos* 0 (1)

Hence, the correct option is (a).
2 1100 _
Q73. Iff(x)=1+x+—+---+=——, thenf’(1) is equal to
2 100
1
a RS
(a) 100 (b) 100
(c) does not exist d o
2 1100
Sol. Given fX)=1+x+—+-+—
100

2x 100x%°
‘) =1+—+-+
fe 2 100
f/1)y=1+1+1+--+1 (100 times) = 100

Hence, the correct option is (b).

Q74. If f(x)= o for some constant, a, then f’(a) is equal to
(@1 *71 (b) 0
(c) does not exist (d) 172
Sol. Given flx) = i
xX—a
L mamea) (" —a") 1
flx) = (x —a)?
(a—a)y(n-a" ')y —(a" —a")
f'(a) = (a— a)2
So f(a) = 0 = does not exist

Hence, the correct option is (c).
Q75. If f(x) =x'%+x% --- + x + 1, then f’(1) is equal to
(a) 5050 (b) 5049 (c) 5051 (d) 50051
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Sol. Given, f(x)=x"0+x"+-+x+1
F/(x) = 100x” +99.x+ - + 1

So, f(1)=100+99+98 + ... +1
_ % [2 X100 + (100 = 1) (~1)]
= 50[200 — 99] = 50 x 101 = 5050
Hence, the correct option is (a).
Q76. Iff(x)=1-x+x* =2+ - —x¥ + x1% then f'(1) is equal to
(a) 150 (b) =50 (¢) =150 (d) 50
Sol. Given that f(x)=1-x+x*—x>+ - —x% +x1%0
F(x) = =1+2x=3x%+ - —99x” + 100 x*
/(1) ==1+2-3+--=99+100
-1-3-5---99)+(2+4+6+---+100)

%[2><—1+(50—1)(—2)]+%[2><2+(50—1)2]

= 25[-2-98] +25[4 + 98] =25 x - 100 + 25 x 102
= 25[-100 + 102] =25 x 2 =50
Hence, the correct option is (d).
FILL IN THE BLANKS

t
Q77. I f(x) = 22 then Lim f(x)="--
X—T X—>T

-t — —t _
Sol. Given f(x) = Lim M = Lim M =

X7 X—T 1-x->0 —(T—X)
Hence, the value of the filler is 1.

x
78. Li i t— |=2 th =...
Q xl_I)l(’)l(SlnTﬂXCO \/3) en m

Sol. Given Lim (sin mx - cot ij =2

x=0 ﬁ

. sin mx . X
= Lim X mx Lim | cot — |=2
x—0 mx x—0 \/5

somx—0

1x mx x Lim =2

x—0 X
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mx 2 2\/5
=—(10)=2= 3m=2 = = =—
}m J3 -2
3
a. 243
Hence, the value of the filler is =
2 .3
_ x x°  x dy
Q79. Ify—1+1—!+2—!+§+...,thena .
2 .3
Sol. Giventhaty=1+£+x—+x—+-..
1 20 3!
dy _ 1 2x 3x?
=0+—+—+—+
dx 1 20 3!

x XX
=l+—=+—+—+- =y
1 2t 3!
Hence the value of the filler is y.
Q80. Lim —
x—-3" [x]

Sol. Given Limi
x—3" [x]

= Lim——=—=
- [3 ] 3
Hence, the value of the filler is 1.
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