Chapter 4 - Determinants NCERT Exemplar - Class 12

4.3 EXERCISE

SHORT ANSWER TYPE QUESTIONS
Using the properties of determinants in Exercise 1 to 6, evaluate:

2
x-x+1 x-1
Q1.
x+1 x+1
-x+1 x-1
Sol. LetA=
x+1 x+1
C-C-G
X -2x+2 x-1
0 x+1
=(x+1) (x*-2x+2)-0
=x3 - 202+ 2x +x2-2x+2=x3-x2+2
a+x y z
Q2. | at+y z
x y a+z
at+x y z
Sol. LetA=| x a+y z
X y a+z
C—-C+C+G
at+tx+y+z y z 1 vy z
=la+x+y+z at+y z |=(@+x+y+z)|l a+y z
atx+y+z Yy a+z 1 vy a+z

(Taking a + x +y + z common)
R,>R-R, R, >R, - R,

0 -a O
=(@a+x+y+z)|0 a -a
1 vy a+z

Expanding along C, = (ﬂ+x+y+z)|1(a2 —O)| —2@+x+y+2)
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Taking x2, y? and z*> common from C;, C, and C; respectively

0 xy* xz?
Q3. x2y 0 yz2
X’z zy* 0
0 xy* xz
Sol. LetA= P2y 0y
X’z zy2 0
0 x «x
= 32222y 0y
z z 0
Expanding along R
" o y
2,22
=x"yz°| 0
y e

- X

yy
z 0

y 0

+Xx
z z

|

= Xy [-x(0 - yz) + x(yz - 0) ]

= x2y?z2(xyz + xyz) = x*y?z*(2xyz) = 2x

3x —x+y —-x+z
Qb lx-y 3y z-y
X—z Y-z 3z
3x —x+y —-x+z
SOl. LetA= x_y 3y Z_y
X—z Y-z 3z
C->C+C+G
X+y+z —x+y —-x+z
Tlx+y+z 3y z-y
x+y+z y-z 3z

Taking (x + y + z) common from C,

31133

y

1 —x+y —-x+z
= (x+y+z)|1 3y z-y
1 y-=z 3z
R, —>R;-R, R, >R, - R,
0 -x-2y -x+y
=(x+y+2)|0 2y+z -y-2z
1 y-z 3z
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|

= (r+y+2)[(~x-2y) (~y - 22) - 2y +2) (~x + )]
= (x+y+2z) (xy + 2zx + 2% + dyz + 2xy — 2y + zx — zY))
= (x+y+2z) Bxy +3zx + 3yz) =3(x + y + z) (xy + yz + zx)

Expanding along C,
-x=-2y -x+y

= 1
(x+y+z)[ ‘ 2y+z -—y-2z

x+4 x X
Q5. x x+4 x
X X x+4
x+4 X X
X X x+4
C->C+C+C
3x+4 X X

T 183x+4 x+4 X
3x+4 X x+4

Taking (3x +4) common from C;

1 X X
1 x+4 X
1 X x+4

= (3x+4)

R, >R, -R, R, > R, - R,

0 -4 0
= (3x+4)|0 4 -4
1 x x+4
Expanding along C;
[ |-4 0
= (3x+4) 1‘ 4 4H =(Bx+4) (16 -0)=16(3x +4)
a-b-c 2a ] 2a
Q6. | 2 b-c-a 20
2c 2c c—a->b
a-b-c 2a 2a
Sol. LetA= 2h b—c—a 2h
2c 2c c—a->b
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R, > R;+R,+R,

a+b+c a+b+c a+b+c
2b b-c-a 2b
2c 2c c—a-b

Taking (a + b + ¢) common from R,

1 1 1
=(a+b+c)|2b b-c—-a 2b
2¢ 2¢ c—a-b

C,»C-CyC,>C,-Cy

0 0 1
=(a+b+c)|b+c+a —(b+c+a) 2b
0 a+b+c c—a-b
Taking (b + ¢ + a) from C; and C,
0 0 1
S(@+b+c)P’|1 -1 2b
0 1 c—a-b
Expanding along R,
3— 1 -1 3
=(a+b+o) 10 1 =(a+b+c).

Using the properties of determinants in Exercises 7 to 9, prove that:

yzz2 yz y+z
Q7. 223> zx z+x|=0
xzyz xy x+y
y2z2 yz y+z
Sol. LHS. = [z2%x®> zx z+x

Pyt oxy x+y

R; = xR, R, = yR,, Ry — zR; and dividing the determinant
by xyz.

xy*z®  xyz  xy+zx
yz22x® yzx yz+ay

xyz
Y y? zxy zx+zy
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Taking xyz common from C; and C,

Xz xyz yz 1 xy+zx
=———|zx 1 yz+uxy
W2 lxy 1 zx+zy
G -G+
yz 1 xy+yz+zx
=xyz|lzx 1 xy+yz+zx
xy 1 xy+yz+zx
Taking (xy + yz + zx) common from C,
yz
= (xyz) (xy + yz + zx) | zx
*y
yz
= (xyz) (xy + yz + zx) | zx
xy 11
[+~ C,and C;are identical]
L.H.S. = R.H.S. Hence proved.

G S W Y
O o G v

=0

y+z z Y
Qs. z z+x x |=4xyz
y X x+y
+z oz
Sol. L.HS. = yz Z+x z
y X x+y

C -G -(G+C)

0 z y
=|-2x z+x X
-2x x x+y

Taking —2 common from C,;

0 =z y
= -2|x z+x X
X x xX+y

I
|
N
o O
N N
L <
<

=
=
=
+
<
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Qo.

Sol.

Q10.

Sol.

Expanding along C,

=-2 [x |—zy - zy|] =—2(-2xyz) = 4xyz RH.S.

L.H.S.=R.H.S.
Hence, proved.

A +21 2a+1 1
20+1 a+2 1l=@-1>°
3 301
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(a+D)(@a-1) a-1 0

1) a-1 0

3

@ +2a 2a+1 1
LHS=12441 a+2 1
3 3 1
R, >R -R, R, » R, -R,
|a*-1 a-1 0|
" |2a-2 a-1 0] | 2(a-
3 3 1 3
Taking (a — 1) common from C; and C,
a+1 1 0
=(@-1@-1 2 1 0
3 31
Expanding along C,
~ (a-17 1a+1 1
- 2 1

1

=@-12@+1-2)=(@-12@-1)=(@a-12RHS.

L.HS.=R.H.S.

Hence, proved.

If A+B+ C=0, then prove that
1 cosC cosB

cos C 1 cos A|=0
cos B cosA 1

1 cosC cosB
L.H.S. = |cos C 1 cos A
cos B cos A 1
Expanding along C;
1 cos A

1 —
cos A 1 cos

cosC cosB
cos A

1

+cos B

cos C
1

cos B
cos A
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1(1 - cos? A) — cos C(cos C — cos A cos B)
+ cos B (cos A cos C — cos B)
sin? A — cos? C + cos A cos B cos C
+cos A cos B cos C - cos? B
sin? A — cos?> B — cos?> C +2 cos A cos B cos C
—cos (A+B) - cos (A-B)—cos?C+2 cos A cos B cos C

[~ sin? A-cos?B=-cos (A+B)- cos (A-B)]
—cos (- C) - cos (A—B) + cos C (2 cos A cos B —cos C)

[~ A+B+C=0]

— cos C(cos A cos B + sin A sin B)
+ cos C(2 cos A cos B — cos C)
—cos C(cos A cos B +sin A sin B—2 cos A cos B + cos C)
—cos C(— cos A cos B + sin A sin B + cos C)
cos C(cos A cos B —sin A sin B — cos C)
cos C[cos(A +B) —cos C ]
cos C[cos (- C) — cos C] [+ A+B=-C]
cos C[cos C—cos C]=cos C-0=0R.H.S.

L.HS.=RHS.
Hence, proved.
Q11. If the coordinates of the vertices of an equilateral triangle with
sides of length “a’ are (x;, v4), (xy, ¥,) and (x5, y5), then

2
Xy 1 344
x2 ]/2 1 = T
X3 Y3 1

Sol. Area of triangle whose vertices are (xy, y;), (X,, ¥,) and (x5, y3)

1% n 1
o2 Y 1
oy 1
2
x oy 1 x y 1
111 N 111 %
LetA:E X, Y, 1 = A2:Z X, Yy, 1
X3 Y3 1 X3 Y3 1
But area of equilateral triangle whose side is ‘a’ = e a’
2
oy 1
By 1 X
—a | T4 N
4 4
XYy 1
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Q12.

Sol.

2 2
o oy 1 oy 1
:>—a4=lx 1] = 1 =ia4><4_§ﬂ4
16" 42 P Y2 V2 16 T4
X Y 1 X3 Y; 1
Hence, proved.
1 1 sin30
Find the value of 0 satisfying | =4 3 cos 26 |=0.
7 -7 =2
1 1 sin30]
Let A=|—-4 3 cos20| =0
7 =7 =2 |
1 1 sin 30
|A|=|-4 3 cos26/ =0
7 -7 -2
C-C-GC
0 1 sin 36
= -7 3 cos20| =0
14 -7 -2
Taking 7 common from C,;
0 1 sin36
= 71-1 3 cos206|=0
2 -7 =2
0 1 sin36
= -1 3 cos26| =0
2 -7 =2
Expanding along C;
1 sin36 5 1 sin 36
- 7 —2 |73 cos20| ~
= —2+7sin30+2(cos20-3sin30) =0
= -2+7sin30+2cos20-6sin30 =0
= —2+2c0s20+sin30 =0
= -2+2(1-2sin?0)+3sin®-4sin36 =0
= —-2+2-4sin20+3sinB-4sin®0 =0
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= —4sin®0—-4sin20+3sin® =0
= —sin O(4sin?0+4sin0-3) =0
sin®=0 or 4sin?0+4sin®-3=0
0=nmt or 4sin?0+6sin®—-2sin®-3=0
whenne I
= 2sinB(2sinB®+3)-1(2sinB+3)=0
- (2sin0+3) (2sinB-1) =0
= 2sin®+3=0 or 2sin6-1=0

sin@=—or sinezl
2 2

sin 0 :_73 isnot possibleas-1<x<1

sin6=l = sinG:sinE
2 6

Hence, 8=nn or nm+ (—1)"2

4—-x 4+4x 4+x

= e=nn+(—1)”%

If{4+x 4—x 4+ x|=0, then find values of x.

4+x 4+x 4-x

4-x 4+x 4+x]
Let A=|4+x 4—-x 4+x
4+x 4+4x 4-—x

4—-x 4+4x 4+x
|A|= 44x 4-x 4+x

4+x 4+x 4-x
R, >R +R,+ Ry

12+x 12+x 12+x
= 44+x 4-x 4+x
4+x 4+x 4-x

Taking (12 + x) common from R;,

1 1 1
= (12+x)[44+x 4—x 4+x
4+x 4+x 4-x

¢ -C-C, G -G -G
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Q14.

Sol.

Q15.

Sol.

0 0 1
(124+x)[2x -2x 4+x| =0
0 2x 4-x
Expanding along R,
a2+x)|1.[> -2 0
x)|1- =
= 0 2x

(12+x) (4?-0)=0=12+x=0 or 4x?=0
= x=-12 or x=0
If a;, a,, a, ..., a, are in G.P,, then prove that the determinant

a a

r+1 r+5 r+9
a,,, @,4; 8&,.5|isindependent of r.
i1 A7 B

If ay, a,, a,, ... a, be the terms of G.P, then
a, = AR"!
(where A is the first term and R is the common ratio of the G.P.)
a,, = AR"1"1= AR’ a,, .= AR5 = AR™
(g = ARr+9—1 — ARHS/. Ay = AR™7-1 = AR
Apqp = ARr+11—1 — AR”lO; 05 = ARr+15—1 — ARr+14
4.,= AR™7-1 2 AR™1; 4, = AR™21-L = AR™20
The determinant becomes
AR”  AR™  AR™®
ARr+6 ARr+10 ARr+14
ARr+1O ARr+16 ARr+20

Taking AR’, AR and AR common from R;, R, and R,
respectively.

1 R* R®
ARr'ARr+6'ARr+1O 1 R4 RS
1 R6 R]O

_ ARr . ARr+6 . ARr+10 |0|
[+ R, and R, are identical rows]

=0
Hence, the given determinant is independent of r.
Show that the points (a +5,a-4), (1—2, a+3) and (4, a) do not
lie on a straight line for any value of a.
If the given points lie on a straight line, then the area of the
triangle formed by joining the points pairwise is zero.

10
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a+5 a-4 1
S0, lg-2 a+3 1
a a 1

R; =R -Ry R, =R, -R,4

7 =70
= -2 3 0
a a 1
Expanding along C,
7 =7 :
1-‘_2 5| =21-14=7 units

As 7 #0. Hence,, the three points do not lie on a straight line
for any value of a.

Q16. Show that the AABC is an isosceles triangle if the determinant

1 1 1
A=| 1+cosA 1+cosB 1+cosC |=0.
cos?’A +cos A cos’B+cosB  cos’C + cos C
1 1 1
Sol. 1+cos A 1+cosB 1+cosC |

cos’A +cos A cos’B+cosB  cos*C+cosC
C,—-C-GC, G -G -G

0 0 1

N cos A —cos B cos B-cos C 1+cosC ~0

cos?A + cosA cos’B + cos B
—cos’B-cos B - cos?’C - cos C

0 0 1

—, | cosA-cosB  cosB-cosC 1+ cosC ~0
cos’A — cos’B cos’B — cos?C
+cosA-cosB +cosB-cosC

0 0 1

cos A —cos B cos B—cos C 1+cosC
—1 =
(cos A+cos B) x (cos B+cosC) x 0
(cos A —cos B) (cos B—cos C) cos® C+cos C

+(cosA—-cos B) +(cos B+cos C)

cos?C + cos C

cos? C + cos C

11
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Q17.

Sol.

Taking (cos A — cos B) and (cos B — cos C) common from C,;
and C, respectively.

0 0 1
— (cos A —cos B) (cos B - cos C) 1 1 14+cosC|=0

cosA+ cosB+ cos’C+
cosB+1 cosC+1 cosC

Expanding along R,
1 1
— (cos A—cosB)(cosB-cosC)|1|cos A+ cosB+ ||=0
cosB+1 cosC+1

(cos B+cosC+1) —
= (cos A —cos B) (cos B—cos C) (cos A +cos B+1) =0
cos cos

= (cosA—cosB)(cosB—cosC)[cosB+cosC+1—cosA—cosB—1]=0
= (cos A — cos B) (cos B — cos C) (cos C—cos A) =0
cosA-cosB=0 or cosB-cosC=0
or cosC-cosA=0
= cosA=cosB or cosB=cosC or cosC=cosA
= LA=/C or Z/ZB=£4C = ZA=/B
Hence, AABC is an isosceles triangle.

A% - 31
Find A1 if A= 1 0 1 and show that A1 ="~
1 10
011
Here, =11 0 1
1 10
10
Al =
O 1 0 1 10 11 1‘

0-1(0-1)+1(1-0)
=1+1=2#0 (non-singular matrix.)
Now, co-factors,

01 11 10
=ty [T M=y Tl M=ty =l

11 0 1 01
a21 = - 1 0 :1’ a22_ 1 0 _1’ a23:_ 1 1 =1

12
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>
£
—_
>
N
Il
—_
|
—_
—_
Il
—_
|
—_
—_

—

Al = — Adj(A)=—

Now, A?

1
1
0 1 1]f0
A-A=|1 0 1|1
1 1 01
0+1+1 0+0+1 0+1+0
0+0+1 1+0+1 1+0+0| =
0+1+0 1+0+0 1+14+0
2 11
Hence, A2=|1 2 1
112
Now, we have to prove that A~! =
2 1 1] 1
1 2 1|-3

0
11 2 0
RHS. = = =

Il
—_ =N
S
N — =

A% - 31
2

00
10
01

N
N | =

=Al=LHS.
Hence, proved.
LONG ANSWER TYPE QUESTIONS
1 2 0
Q18. If A=|-2 -1 -2, find AL Using A7}, solve the system of
0 -1 1
linear equations x -2y =10, 2x -y —z=8, 2y +z=7.

13
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1 2 0]
A=|-2 -1 -2
0 -1 1
al=1|0 Ao272 Plao|2 7]
B R Tl AV T | R IV R
= 1(-1-2)=2(-2-0)+0
=-3+4=1=#0 (non-singular matrix.)
Now co-factors,
-1 -2 -2 -2 -2 -1
e e e I | I I ke
120 10 1 24
Ay =— 11 :—2,ﬂ22:+ 01 =1, Ay3 = — 0 -1 =
2 0 1 0 1 2
Ay =+ 1 - 4,44, Tl =2,g33=+_2 _q =3
-3 2 27 [-3 -2 -4]
Adj(A)=|-2 1 1| =] 2 1 2
4 2 2 1 3
-3 -2 -4
a 1 . 1
A= —AdjA)==| 2 1 2
A 1
2 1 3
[-3 -2 -4
= Al=1] 2 1 2
2 1 3

Now, the system
2x -y —-z=8and

1 -2 0]

2 -1 -1

0 -2 1]

1 —

where C=|2 -
0 -

of linear equations is given by x — 2y = 10,
-2y +z =7, which is in the form of CX=D.

x 10

yl=18

z 7
2 0 X 10
1 -1[,X=|y|landD=| 8
2 1 z 7

14
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Q19.

Sol.

( AT)—l — ( A—l)T
1 2 0
Cl =12 -1 -2|=A
0 -1 1
[x] X -3 2 2][10
=C_1D =|y|= -2 1 1 8
| Z | z -4 2 3|7
[ x] -30+16+14 X 0
= y| =| —20+8+7 = |y|=|-5
z —-40+16+21 z -3

Hence:x_=0,y=—5 andz=-3
Using matrix method, solve the system of equation
B3x+2y—-2z=3,x+2y+3z=6,2x -y +z=2.
Given that
3x+2y—-2z=3
xX+2y+3z=06
2x-—y+z=2
3 2 =2 3
1 2 3f{andB=|6
2 -1 1 2
2 3 5 1 3 1 2
-1 1 ]2 1] T2 -1
32+3)-2(1-6)-2(-1-4)
=15+ 10 + 10 = 35 # 0 non-singular matrix
Now, co-factors,

>
I

Let

[Al

3‘

2 3 13 1 2
e e e e T I E it PR
2 -2 3 -2 _ P2,
a21 —_1 1:Ola22:+2 1:7,a23— 2 _1_
2 -2 3 -2 3 2|
I P S i T e VO
5 5 5] [50 10
Adja)=|10 7 7|=|57 -1
10 11 4| |-5 7 4

NCERT Exemplar - Class 12

15
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1 . 5 0 10
Al=—Adj(A)=—| 5 7 -11
A j(A) 3
-5 7 4
Now, X=A"B
[x] . 5 0 10][3 15+0+20 . 35
yl==—| 5 7 -11}|6 1 15+42-22 |=—1|35
35 35 35
LZ] -5 7 4]|2 ~15+42+8 35
[x] 1
=11
_Z_ 1
Hence, x=1,y=1and z=1.
2 2 -4 1 -1 0
Q20. If A=|-4 2 -4|andB=|2 3 4|, then find BA and
2 -1 5 0o 1 2

use this to solve the system of equations y +2z=7, x —y=3 and
2x + 3y +4z=17.

2 2 -4 1 -1 0
Sol. Wehave, A=|-4 2 —-4|andB=|2 3 4

2
1

BA=|2 3 4||-4 2 -4
0

[ 2+44+0 2-2+40 —4+4+4+0
=14-12+8 4+6-4 -8-12+20
_O—4+4 0+2-2 0-4+10

6 00 100
10 6 0/=6{0 1 0|=61
00 6 001
L[ 2 2

Bl=—A=—|-4 2 -4
6 6

2 -1 5

16
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The given equations can be re-write as,

x-y=3,2x+3y+4z=17and y+2z=7

1 -1 0]« M3
2 3 4||ly|=|17
0 1 2|z 7
1 -1 07'[3
= =12 3 4 17
lz] [0 1 2 7
2 2 -47[3
1 -4 2 -4||17
6_ 2 -1 5|7
6+34-28 12 2
1 -12+34-28 :l -6|=-1
6_ 6-17+35 | 6 24 4
Hence, x=2,y=-1andz=4
a b c
Q21. Ifa+b+c#0and |b ¢ a|=0, then prove thata=0b=c.
c ab
a b
Sol. Giventhata+b+c#0and |}, . ;|-
c ab
C,->C+C+Cy
a+b+c b c|
= a+b+c ¢ a|=0
a+b+c a bj
1 c
= (a+b+0)|1 ¢ a =0 (Takinga+b+c
1 b common from C,)
1 b ¢
= a+b+c#0 . |1 ¢ 4/ =0
1 a b

R, >R,-R,and R, > R, R,

17
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Q22.

Sol.

0 b-c c—a
= 0 c—a a-bl =0

1 a b
Expanding along C,

b—c c-a

= c—a a-b =0
= (b-c)(a-b)—(c-a)*>=0
= ab-b*—ac+bc—c>—a?+2ac=0
= —a? - -c+ab+bc+ac=0
= a2+b2+c2—ab-bc—ac=0
= 202 +2b% + 2¢2 — 2ab — 2bc — 2ac = 0

(Multiplying both sides by 2)
(@ + b% = 2ab) + (b? + ¢ = 2bc) + (a® + > = 2ac) = 0
(a=by*+b-c)*+@-c*>=0
It is only possible when (a - b)?>= (b —c)>=(a—c)*>=0
. a=b=c Hence, proved.
bc—a* ca-b* ab-c?
2

=
=

Prove that |ca—b* ab—c* bc—a®| is divisible by a + b + ¢
ab—c* bc—a* ac—b
and find the quotient.
be—a* ca-b* ab-c?

2 pe—d?

LetA=|ca—b* ab—c
ab—c* be—a* ac-b?
C—=>C+GC+C
ab+bc+ac—a* —b* —c* ca-b* ab-c?
= ab+bc+ac—a* —b*> —c* ab-c* bc-a®
ab+bc +ac—a* —b* —c* bc—a* ac-b*
Taking ab + bc + ac — a* — b — ¢ common from C;
1 ca—b*> ab-c?
(ab+bc+ac—a*-b>—c*)[1 ab—-c* be-a’
1 be—a* ac-1*

R, >R, -R,and R, - R, - R,

18
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= (ab+bc+ac—a® —b* —c?)

0 ca—b>—ab+c* ab—c?—bc+a?

0 ab—c*—bc+a*> bc—a®—ac+b?

1 bc —a? ac — b?
= (ab+bc +ac —a* —b* —¢c?)
0 alc=b)+(c+b)(c-b) bla—c)+(a+c)(a—c)
0 b(a—c)+(@a+c)(a-c) cb—a)+({D+a)(b-a)
1 be — a? ac — b*
= (ab+bc+ac—a*—b* —c?)
0 (c=b)(a+b+c) (a—c)(a+b+c)
0 (a-c)(a+b+c) (b—a)(a+b+c)
1 be —a® ac - b*
= (ab+bc+ac—a*-b*—c*)(a+b+c)(a+b+c)
0 c-b a—c
0 a-c b—a
1 be—a* ac—b?
= (@a+b+c) (ab+bc+ac—a* —b>—c*)
0 c-b a-c
0 a-c b-a
1 bc—a* ac-b

Expanding along C;

-b a-
:>(a+b+c)2(ub+bc+ac—a2—b2—c2){1c a-e

|

= (a+b+c)*(ab+bc+ac—a* —b* —c?)[(c—b) (b—a)—(a—c)*]
= (a+b+c)*(ab+bc+ac—a* —b* - ) (bc - ca—b* +ab—a® —c* +2ac)
= (a+b+c)*(ab+bc+ac—a* —b* —c?) (ab+bc+ca—a* —b* —c?)
= (a+b+c)?(ab+bc+ac—a*-b*-c2)?
= @+b+c)(a+b+c) (@ +b*+c?—ab-bc-ac)
Hence, the given determinant is divisible by a + b + ¢ and the
quotient is

(a+b+c)(a®+b*+c2—ab-bc —ac)?
= (a+b+c) (@ +b>+c*—ab—bc—ac) (a>+b>+c*>—ab—bc - ac)
= (a®+b3+ 3 —3abc) (a® + b+ 2 —ab —bc - ac)

a—-c b-a
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= —(@® +b° +c® - 3abc) (2a® + 2b* + 2¢* — 2ab — 2bc - 2ac)

= %(;ﬁ +b° +c® = 3abe) [(a—b)* + (b —c)* + (a—c)*]

Sol. L.H.S.

xa yb zc a b
Q23. Ifx+y+z=0, prove that |yc za xb|=xyz|c a
zb xc ya b c a
xa yb zc
Let A=|yc za xb
zb xc ya
Expanding along R,
- za xb b yc xb e yc za
xc ya zb ya zb  xc
= xa(yza® - x*bc) — yb(y?ac — xzb?) + zc(xyc? — z%ab)
= xyza’ — x%abc — yabe + xyzb? + xyzc® — z%abc
= xyz(a®+ b3+ 3) —abe(x® + 1 + 23)
= xyz(a® + b3 + ) — abe(3xyz)
(v x+y+z=0)(~ x>+1°+23=3xyz)]
= xyz(a® + b3 + ¢ - 3abc)
a b c
R.H.S. xyzljc a b
b c a

R, = R;+R,+R,

a+b+c a+b+c a+b+c

= xyz| ¢ a b
b c a
111
= xyz(a+b+c)lc a b (Taking a + b + ¢ common
c a from R,)

= xyz(a+b+c)lc—a a-b b
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|

xyz(a+b+c) [(c —a)? —(b-c)a— b)]
xyz(a+b+c)(c2 +a® —2ca —ab + b* + ac — be)
xyz(z/z+b+c)(a2 +b% +c?—ab—bc - ca)
xyz(a® + b3 + ¢ - 3abc)

[®+ b3+ B —3abc=(a+b+c) (a®>+b*>+c*—ab - bc — ca)]
L.H.S.=R.HS.
Hence, proved.

OBJECTIVE TYPE QUESTIONS (M.C.Q.)

Choose the correct answer from given four options in each of the
Exercises from 24 to 37.

Expanding along R,

c—a a->b

U

xyz(a+b+c) [1‘

b-c c—a

L

2x 5| |6 -2 .
Q24. If = , then the value of x is
8 7 3
(a) 3 b) £3 (c) 6 (d) 6
Sol. Given that
2x 5 6 -2
- 8 x| |7 3
= 2x2-40=18+14 = 2x2=32+40
= 232 =72 = x2=36
xX=*6

Hence, the correct option is (c).

a-b b+c a
Q25. The value of determinant (b—g c+a b|is
c—a a+b ¢
(a) ®+b3+¢3 (b) 3bc
(c) a®+ b3+ -3abc (d) None of these
a-b b+c a
Sol. Here, wehave |b—a c+a b

c—a a+b c
C,—-GC+Cy
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Q26.

Sol.

a-b a+b+c
= |b—-a a+b+c b

c—a a+b+c ¢
a-b 1 a
= (a+b+c)|b-a 1 b (Taking a + b + c common
c-a 1 ¢ from C,)

R; =R -Ry, R, >R, -R,4

2(a—b) 0 a-b
= (a+b+c)| b—-c 0 b-c
c—a 1 c

Taking (2 —b) and (b — ¢) common from R, and R, respectively

2 01
= (a+b+c)(a=-b)(b-c)| 1 0 1
c—a 1 ¢

Expanding along C,

b b) (b _121
= (a+b+c)(a-b)(b-o)|- 11

= (a+b+c)(@-b)(-0) (-1)

= (a+b+c)(a-b)(c-b)

Hence, the correct option is (d).

The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is
9 sq units. Then, the value of k will be

@) 9 (b) 3 (© -9 @ 6

Area of triangle with vertices (x; y;), (¥, ¥,) and (x5, y5) will be:

-3 01
1% n 1 1
A=_x y 1 = A= — 3 0 1
2 72 2
Xoy; 1 0 k 1
1 01 31 30
= =—|-3 -0 +1
2 ko1 0 1 |0 k
= = %[—3 (-k)-0+1(3k)]
= =%(3k+3k) = %(6k):3k
3k=9 = k=3
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Q28.

Sol.
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Hence, the correct option is (b).

. b* —ab
Q27. The determinant b —

bc —ac
-b)

(a) abc(b-c)(c—a)(a

b—c bc—ac
ai—b b®—ap| €quals

c—a ab-a®

() (b-c)(c-a)(a=b)

(¢c) (@a+b+c)(b—-c)(c—a)(a-Db) (d) None of these

b* —ab
Let A= |ap-a?
bec —ac
b(b—a)
= |a(b —a)
c(b—a)
= (b-a)?
C,—-C -G,
= (a-Db)?
=@-b)3-
=0

b-c bc—ac
a-b b*—ab
c—a ab-a’
b—c c¢c(b—-a)
a—b b(b-a)| (Taking (b —a) common
c—a alb-a) from C; and C;)
b b-c ¢
a a-b b
c c—a a
b-c b-c ¢
a—-b a-b b (Cyand G, are
c—a c—-a a identical columns.)
0

Hence, the correct option is (d).

The number of distinct real roots of

. . T T .
in the interval _Z <x< Z is

(@) 0 (b) 2
Given that

C-C+CG+G

=

2cosx+sinx cosx CoOSXx
2cosx+sinx sinx cosx| =0
2cosx+sinx cosx sinx

sinx COsSX COSX
COSX Ssinx CoSx
COSX COSX sinx

sinx COSX COSX
cosx sinx cosx
COSX COSX sinx

=0

© 1 d) 3

Taking 2 cos x + sin x common from C;
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Q29.

Sol.

=

R; >R, -Ry, R, =R, -R,4

NCERT Exemplar - Class 12

1 cosx cosx

(2cosx +sinx)|1 sinx cosx| =0

1 cosx sinx

0 cosx—sinx 0
= (2cosx+sinx)|[0 sinx—cosx cosx—sinx =0
1 CoSs X sin x
COs X — sin x 0

— (2 cos x +sin x) {1

=
2cosx+sinx=0
2+tanx=0

tanx= -2

But —ESxSE
4 4

So, x has no solution.

Hence, the correct option is (c).

sin x —COS X COS X — sin X

|

(2 cos x +sin x) (cos x —sin x)? = 0

(cos x —sin x)?= 0
cos x —sinx= 0

tanx=1

T
tan x = tan —
4

T {—n n}
x=—¢e|—,—
4 4 4

So, it will have only one real
root.

If A, B and C are angles of a triangle, then the determinant

-1

cos C

cosC cosB
-1
cosA -1
() -1
cos C
-1
cosB cos A

Cy—aC, +bC, +cCy

cos B
(@) 0

-1
cos C

cos B
CcosA
-1

LetA=

—a+bcosC+ccosB cosC
-1

cos A

acosC—-b+cCos A
acosB+bcosA-C

=

() 1

cos A| is equal to

(d) None of these

cos B
cos A
-1
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Q30.

Sol.

Q31.

Sol.

From projection formula
—a+a cosC cosB pProj

= |-b+b -1 cosA
—c+c cos A -1

a=bcosC+ccosB
b=acosC+ccos A

c=bcosA+acosB
0 cosC cosB

= |0 -1 cosA|=0
_O cosA -1

Hence, the correct option is (a).

cost t 1 £t

Let f(ty=|2sint t 2t|, then lin(w;—2 is equal to
sint ¢ oot

(@ 0 () -1 (c) 2 () 3

cost t 1
Wehavef(t)=|2gint + 2t
sint t t

Expanding along R,
t 2t 2sint 2t 2sint t
= cost - . .
ot sin t t sint t

cos H(t? — 2t*) — (2t sin t — 2t sin £) + (2t sin ¢ — ¢ sin )
—t*cost+tsint
f(t) —t?cost+tsint
2

t t
in ¢
= & = —cost+ st
t* t
t t
= 1ime2)=lim(—cost)+lim— =-1+1=0
t—0 ¢t t—0 t—=0 t
Hence, the correct option is (a).
The maximum value of
1 1 1 .
A= 1 1+sing 1|18 (0 is real number)
14 cos6 1 1
1 3 2\3
Wl w¥ e @B
2 2 4
1 1 1
Given that: A= 1 1+sin® 1

1+ cos6 1 1
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C,»C-CyC,>C,-Cy

0 0 1
= |-sin® sinB6 1
cos 0 0 1
Expanding along R,
—-sin® sinB| .
=1 osh g |~—sin 6cos 6

= —l-Zsin6c056=—lsin29
2 2

1

2

but maximum value of sin20=1 = ‘— % 1
Hence, the correct option is (a).
0 x-a x-b
Q32. If f(x)=|x+a 0 x-c|, then
x+b x+c O
@) f(@=0 (b) f(b)=0 (o) f(0)=0 (d) f(1)=0
0 x-a x-b
Sol. Giventhat: f(x)=|y+7s 0 x-c
x+b x+c O
0 0 a-b
f@) =1 2a 0 a-c
a+b a+c 0
2a 0

Expanding along R, = (2 —b) a+b a+c

=(@-b)[2a(a+c)]=(@-b)-2a-(a+c)+#0

0 b-a O
f)=1|b+a 0 b-c
2b b+c O
Expanding along R,
b+a b-c
T
= —(b-a)[(-2b)(b—c)]=2b(b—a) (b—-c)#0
0 —-a -b
fO=1ja 0 -c
b ¢ 0
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a —c a 0
b 0 b ¢
= a(bc) — b(ac)=abc — abc =0

Hence, the correct option is (c).

Expanding along R, = @ -b

Q33. If A=|0 2 , then A1 exists if
11

(a) A=2 b) A#2 (¢) A#-2 (d) None of these
Sol. We have,

2 A -3 2 A —
A=|o0 2 5| =I1Al=|p 2 5
1 1 3 1 1 3
E di 1 R —22 > 7»0 > 30 2
xpanding along R, = 1 371 3 11
=2(6-5)-A(0-5)-3(0-2)

=2+50L+6=8+5\
If A1 exists then Al 0

8+50#0 soA# -8
Hence the correct option is (d).
Q34. If A and B are invertible matrices, then which of the following
is not correct?

(@) adj A=Al - A (b) det (A)" = [det(A)]"!

(c) (AB)1=B-1A" (d) (A+B)y1=B1+A"
Sol. If A and B are two invertible matrices then

(a) adj A= 1Al - A is correct

1
-1 -1o
(b) det (A)t=[det(A)] det(A) is correct
(c) Also, (AB)™' =B'Alis correct
d (A+ B) -adj (A + B)

“[A+B]
(A+B) ' B+ A™!
Hence, the correct option is (d).

Q35. If x, y, z are all different from zero an| 1 1+y 1 |=o0/
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Sol.

then the value of x” ! +y 1 +2z71is
(a) xyz ) xylzt (o) —x-y-z (d) -1
Given that
1+x 1 1
1 1+y 1 [=0
1 1 1+z

Taking x, y and z common from R;, R, and R, respectively.

., 1
xl 1x )16
= xyz| — —+1 —|=0
y oy y
r 1 1.,
z z oz
R; >R +R,+R,4
—+l+l 1 l+l 1 1 —+—+—+1
X y z Xy z X Yy z
1 1 1
= xyz — —+1 — =0
Y y y
1 1 L
z z z
o111
Taking —+—+—+1 common from R,
X y z
1 1 1
= xyz(l+l+l+l)l —+1 1 =0
Xy z vy y
1 1 1
- = —+1
z z z
C—-C-G,G-CG-G
0 O 1
= xyz(l+l+l+lj -1 1 1 =0
Xy z y
0 -1 l+1
z
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Expanding along R,
1 1 1 -1 1
= xyz|—+—+—+1||1 =0
X Yy z 0 -1
= xyz(l+l+1+1j(1)=0
X Yy z
1 1 1
= —+—+—+1=0andxyz #0 (xzy#z#0)
X Yy z
- x ey tezl=—
Hence, the correct option is (d).
x x+y x+2y
Q36. The value of the determinant |x + 2y x x+y|is

x+y x+2y x
(@) 9 +y) () I (x+y) (0 3y(x+y) (d) 7x’(x+y)
x x+y x+2y
Sol. LetA= |x+2y x xX+y
x+y x+2y X
C=-C+C+G
3x+3y x+y x+2y
= |3x+3y X x+y
3x+3y x+2y X

1 x+y =x+2y
= (Bx+3y)|l x x+y
1 x+2y X
[Taking (3x + 3y) common from C,]
R,—>R,-R, R, >R, -R,

0 v vy
= 3x+yl0 -2y vy
1 x+2y «x
Expanding along C,
= 3ax+p|1|” yH
172y Y
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= 3(x+y) 2 +25%) =3(x+y) By?) = Iy (x+y)

Hence, the correct option is ().
Q37. There are two values of ‘@’ which makes determinant,

1 -2 5
A=|2 a -1|=86, then sum of these numbers is
0 4 2a
(a) 4 () 5 (c) -4 @ 9
1 -2 5
Sol. Giventhat, A=1[2 a4 -1/=86
0 4 2a
Expanding along C;
a -1 |2 5 -2 5‘
=1 - +0 =86
4 2a 4 2a a -1
= (2a%+4) — 2(-4a - 20) = 86
= 20%+4+8a+40 = 86
= 20°+8a+4+40-86 =0
= 202 +8a—-42=0
= a>+4a-21=0
= a?+7a-3a-21=0
= a(@a+7)-3@+7)=0
= @-3)@+7)=0
a=3,-7

Required sum of the two numbers =3 -7 =—4.
Hence, the correct option is (c).

Fill in the Blanks
Q38. If A is a matrix of order 3 x 3, then I13Al =
Sol. We know that for a matrix of order 3 x 3,
IKAI = K3 |Al
|3A|=3%|A|=27|A|
Q39. If A is invertible matrix of order 3 x 3, then |A™!|

Sol. We know that for an invertible matrix A of any order,

w=
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0Q40. Ifx, y, z € R, then the value of determinant
(2F+27)Y? (2" -27)% 1
(3* +37)* (3*-37%)? 1| isequalto
(4" +47)Y2 4 -4 1
(2°+27)? (2 -27)? 1
Sol. We have, (3% +37%)2 (3% —37%)% 1
(4" +47%)? (4 -47)Y? 1
C,—»C,-GC,
2 + 27x)2 —(2F - 2—x)2 Q* - 2—x)2 1
= (3" + 3—x)2 — (3" _3—x)2 (3° - 3—x)2 1
(4" +4—x)2 (4 _4—x)2 (4" _4—x)2 1
4.2%.277 (2" =272 1
= [4.3°.37F (3" -37)? 1 [applying
445 477 (454 1 (a+b)* - (a-Db)?* = 4ab]

4 (-2 1

= |4 (3"-37%)? 1

4 (4°-47?% 1
1 (2°-27)% 1

= 41 (3" -37)? 1 (Taking 4 common from C;)
1 (4°-47)Y 1
= 4-0=0 (*+ C,; and C; are identical columns)

0 cos® sin@
Q41. If cos20=0, then [cos® sin© 0 =

sin 6 0 cos 0

Sol. Given that: c0s20=0

T T
= c0s20 = cos— = 20=—
2 2

0=

| a
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The determinant can be written as

2
1 1
0 cos™ sins 0 T T
4 4 TS
= T . T = _ 0
— — 0
Py Ny V2 2
sin = 0 cos = 1 0 L
1 L NN
I 1
1 1 1 Taking —= common from
= |=—=—=1 10 f
2 N2 N2
V2 V2 2 1 01 C,,C,and C,
Expanding along C,,
2
R [ 1 T
+1 —-1(1)+1(0-1
1-1 L 4)=
= f| = <=2

Q42. If A is a matrix of order 3 x 3, then (A%)~! =
Sol. For any square matrix A, (A% = (A7)
Q43. If Ais a matrix of order 3 x 3, then the number of minors in the
determinants of A are
Sol. The order of a matrix is 3 x 3
Total number of elements =3 x3 =9
Hence, the number of minors in the determinant is 9.
Q44. The sum of the products of elements of any row with the
co-factors of corresponding elements is equal to
Sol. The sum of the products of elements of any row with the
co-factors of corresponding elements is equal to the value of
the determinant of the given matrix.

app A I3

LetA=lay ay ay
31 Az A3
Expanding along R,
a a,, a a
ay, |72 _ 21 3|y, |91
a3, dg3 A31 Az 31 A3

= apMy; +a;pMy, +asMyg
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(where My;, M,, and M, are the minors of the
corresponding elements)

Q45. If x = -9 is a root of ; i ; = 0, then other two roots are
7 6 x
x 3 7
Sol. Wehave, 2 x 2| =0
7 6 x
Expanding along R,
x 2 2 2 2 x
= *lo x_‘7 7|7 6 7
= x(x*-12)-32x-14)+7(12-7x) =0
= X3—12x 6x +42+84-49x =0
= x®—67x+126 =0 (1)

The roots of the equation may be the factors of 126 i.e.,2x7 x9
9 is given the root of the determinant put x =2 in eq. (1)

(22-67%x2+126 = 8-134+126=0
Hence, x =2 is the other root.
Now, putx=7ineq. (1)
(7P -67(7)+126 = 343-469+126=0
Hence, x =7 is also the other root of the determinant.
0 Xyz Xx-z
Q6. |y—-x 0 y-z|=
z-x z-y O

0 xyz x-z
Sol. LetA= y-x 0 y-z
z-x z-y O
C,—-C -G
zZ-X Xyz

xX—z
T“lz-x 0 y-z

z-x z-y O
Taking (z — x) common from C,

1 xyz x-z
=(z-x|1 0 y-z
1 z-y O
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R, >R, -R, R, > R, - R,

0 xyz x-y
=(z-x)|0 y-z y-z
1 z-y 0
Taking (y — z) common from R,
0 xyz x-y
=(z-x)(y-2)|0 1 1
1 z-y 0

Expanding along C,

xyz x-—y
1 1

|

=@z-x)(y-z) (xyz—x+y)= (y—2) (z-x) (y - x + xyz)
1+x)7 1+x0Y 1+x7
Q47. 1t f)=|1+x)% (1+x* (1+x0)*|=A+Bxr+Cx’ +

A+0)" 1+0® 1+x)¥

= (Z—x)(y—Z){l

then A =
Sol. Given that
A+x)7 1+0Y 1+x0*
1+x)2 (1+x)% (1+x)**|=A+Bx+Cx? +---
1+ 1+0® 1+x0Y
Taking (1 +x)", (1 +x)? and (1 + x)*' common from R;, R, and
R, respectively
1 1+x)7°* (1+x)°
A+0)7 - 1+202 - A+ [1 Q+x)° Q+x)!
1 (1+x)? (1+x)°
= (1+0)7 -1+x)?-1+x)*"-0 (R, and R, are identical)
0=A+Bx+Cx%+...
By comparing the like terms, we get A=0.

State True or False for the statements of the following Exercises:
Q48. (A%=(A")?, where A is a square matrix and Al #0.

Sol. Since (A¥)1=(A1)K where Ke N
So, (A% = (A1) is true
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Q49.

Sol.

Q50.
Sol.

Q51.

Sol.

Q52.

Sol.

Q53.

Sol.

1,
(aA)! = A A", where a is any real number and A is a square

matrix.
If A is a non-singular square matrix, then for any non-zero
scalar ‘a’, aA is invertible.

(aA)-(lA—l) o liaatog
a a

a

So, (aA) is inverse of (l A_lj
= (aA) = 1 A7l is true.
a

|A’1| #|A|"", where A is a non-singular matrix.
False.
Since |A’1| =|A["" for a non-singular matrix.
If A and B are matrices of order 3 and |A|=5,|B|=3 then
I3AB| =27 x 5 x 3 =405
True.
I3AB| = 3°|AB|=27|A|[B| =27x5x3 |~ |KA|=K"|A[]
If the value of a third order determinant is 12, then the value

of the determinant formed by replacing each element by its
co-factor will be 144.

True.
Since |A| =12
If A is a square matrix of order n
then |AdjA| = A"
|AdjA| = [APT =|AP =12 =144 [n=3]
x+1 x+2 x+a
x+2 x+3 x+b| =0, whereaq, b, carein A.P.
x+3 x+4 x+c
True.

x+1 x+2 x+a
Let A=|x+2 x+3 x+b
x+3 x+4 x+c
R, = 2R, - (R; +Ry)

x+1 x+2 xX+a
=10 0 2b-(a+o)
x+3 x+4 x+c

a,b, carein A.P.
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Q54.
Sol.

Q55.

Sol.

Q56.

Sol.

swb-a=c-b = 2b=a+c
x+1 x+2 x+a
o o 0|70
x+3 x+4 x+c
|adj A| =|AJ*, where A is a square matrix of order two.
False.

Since |adj A|:|A|"71 where 1 is the order of the square
matrix.

sin A cosA sin A+cosB
Thedeterminant |in B cos A sin B + cos B| isequaltozero.

sinC cosA sinC+cosB
True.

sin A cosA sin A+ cos B
LetA=|ginB cos A sinB+cosB
sinC cosA sinC+cosB

Splitting up C;
sin A cosA sinA| |sinA cosA cosB

sinB cosA sinB|+|sinB cosA cosB

sinC cosA sinC| [sinC cosA cosB

sin A cosA cosB

O+|sinB cosA cosB [ C, and C; are identical]
sinC cosA cosB

sinA 1 1
“cosAcosBfsinB 1 1

sinC 1 1
[Taking cos A and cos B common from C, and C; respectively]
= cos A cos B (0) [+ C, and C; are identical]

=0

x+a p+u I+ f
y+b g+v m+g
z+c r+w n+h

If the determinant splits into exactly K

determinants of order 3, each element of which contains only
one term, then the value of K is 8.
True.
x+a p+u I+f
Let A=ly+b g+v m+g
z+c r+w n+h
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Splitting up C,

x p+u I+f a p+u I+f

=|y qg+v m+g|+|b g+v m+g

z r+w n+h c r+w n+h
Splitting up C, in both determinants

x p I+f x u I+f a p I+f
=\|y q m+gl|+|ly v m+g|+|lb g m+g
z r n+h z w n+h c v n+h
a u I+f

+b v m+g

c w n+h
Similarly by splitting C; in each determinant, we will get 8
determinants.

Q57. Let 16

>
I
a9
S

z
p+tx a+x a+p

then A =|qt+y bty b+q|=32

r+z c+z c+r
Sol. True.

=_ =

Given that: =16

>
1
[SJRES SR

p+x a+x a+p
LHS. A= |g+y b+y b+g

r+z c+z c+r
C—-C+C+Cy

2p+2x+2a a+x a+p
=129+2y+2b b+y b+g
2r+2z+4+2c c+z cH+r

p+x+a a+x a+p

2lg+y+b b+y b+g [Taking 2 common
r+z+c c+z c+r from C,]
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p a+x a+p
C,—->C-C,=2|g bt+y b+g
r c+z c+r

p a+x
C,—>C-Cd=2g b+y b
Splitting up C, roetzoc
p a a p x a p x a
=2lqg b bj+2|qg y b|=20)+2|q y b
r oc c r oz ¢ r oz ¢
p ap x
=2lg y b|=2|b q y (C; & Cyand
r oz ¢ cr z GeG)
=2x16=32
1 1 1
Q58. The maximum value of |1 (1 + sin 0) 1 is =
Sol. True. 1 1 1+cos®
1 1 1
Let A=|1 (1+sin6) 1
1 1 1+ cos®
C,-C-GC, G -G -G
0 0 1
= |—sin® sin® 1
0 —cosO 1+cosb
Expanding along C,

—sin® sin®

0 — cos B =sin 0 cos 6 —0=sin 6 cos 6

= 1.2 sin 0 cos O = lsinze
2 2

=5 x1 [Maximum value of sin 26 = 1]

1
2
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