Chapter 6 - Application of Derivatives NCERT Exemplar - Class 12

6.3 EXERCISE

SHORT ANSWER TYPE QUESTIONS
Q1. A spherical ball of salt is dissolving in water in such a manner
that the rate of decrease of the volume at any instant is
proportional to the surface. Prove that the radius is decreasing
at a constant rate.
Sol. Ball of salt is spherical

Volume of ball, v = émﬁ , where r = radius of the ball

As per the question, Z—V o S, where S=surface area of the ball
t

= 4 (ém’s ) o< 4mr? [+ S=4nr
dt\3
= é7t~3r2-ﬂoc4nrz
3 dt
= 4nr? % =K-4mr? (K = Constant of proportionality)
2
= dr_y 4w
dt 4nr?
ar =K-1=K
dt

Hence, the radius of the ball is decreasing at constant rate.
Q2. If the area of a circle increases at a uniform rate, then prove
that perimeter varies inversely as the radius.
Sol. We know that:
Area of circle, A = nr?, where r = radius of the circle.
and perimeter = 2mr
As per the question,

il—? = K, where K = constant
N i(nr2)=K = n.2r.£ =K
dt dt
dr K
Z - (1)
£ 2nr

Now Perimeter c=2nr
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Qs.

Sol.

Differentiating both sides w.r.t., f, we get

dc d dc dr
= o E(an) = it —2n-d—t
dc K K
= it = 2m- 2_71;1’ = 7 [From (1)]
dc 1
= — o< —
dt r

Hence, the perimeter of the circle varies inversely as the
radius of the circle.

A kite is moving horizontally at a height of 151.5 metres. If the
speed of the kite is 10 m/s, how fast is the string being let out;
when the kite is 250 m away from the boy who is flying the
kite? The height of the boy is 1.5 m.
Given that height of the kite () =151.5m
Speed of the kite(V) =10 m/s

@
w)

Let FD be the height of the kite

and AB be the height of the boy. ot T

Let AF=xm &
BG=AF=xm sB aal =

and d_x =10m/s 1.5 m I
dt A E_F

From the figure, we get that
GD = DF - GF = DF - AB
=(1515-15)m=150m [+ AB=GF]
Now in ABGD,
BG? + GD? = BD? (By Pythagoras Theorem)
= x%+(150)% = (250)
= x?+22500 = 62500 = x?=62500 — 22500

= x2 = 40000 = x=200m
Let initially the length of the string be y m
In ABGD

BG? + GD? = BD? = x2+ (150)2 =12
Differentiating both sides w.r.t., f, we get

atr dt

d
= 2x~2—:+0 =2y Y ['-'@=10m/5}
= 2><200><10=2><250><%

dy 2x200x10

dt 2 x 250
Hence, the rate of change of the length of the string is 8 m/s.

=8m/s
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Q4.

Sol.

Q5.

Sol.

Two men A and B start with velocities V at the same time from

the junction of two roads inclined at 45° to each other. If they

travel by different roads, find the rate at P

which they are being separated. A

Let P be any point at which the two roads are

inclined at an angle of 45°.

Two men A and B are moving along the

roads PA and PB respectively with the same A

speed ‘V'. Q

Let A and B be their final positions such that

AB=y

ZAPB = 45° and they move with the same speed.
AAPB is an isosceles triangle. Draw PQ L AB

AB=y - AQ=Y and PA=PB=x (let)
2 51,
ZAPQ = ZBPQ= —-= 22E
[ In an isosceles A, the altitude drawn from the vertex, bisects
the base]

Now in right AAPQ,
sin 221° - AQ
2 AP
5 1
. 1 2 Yy :
o= £ - 2 = 2x-sin 22—-°
= sin 22 7 T T ox =y >
Differentiating both sides w.r.t, t, we get
d_y = 2~d—x~sin221°
dt dt 2
2-\2 1, 22
=92.v.X__— sin 22 —° = —w—r
2 2 2

\J2-+2 Vm/s

Hence, the rate of their separation is 4/2 — V2 V unit/s.

. i L. . .
Find an angle 6, 0 <0 < —, which increases twice as fast as its
. 2
sine.
As per the given condition,

o _ 4
T dt(sm )
de 40
= E=2cose'— = 1=2cos0
C059=E = cos0=cos— :>9=§
Hence, the required angle is us

3
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Qeé.
Sol.

Q7.

Sol.

Qs.

Find the approximate value of (1.999)°.
(1.999)° = (2 - 0.001)°

Let x =2 and Ax =-0.001

Let y=x°

Differentiating both sides w.r.t, x, we get

d

&~ 5xt =5(2)* =80

dx

dy
Now Ay = T -Ax =80 - (-0.001) =-0.080
(1.999)° = y + Ay
= x°—0.080 = (2)° - 0.080 = 32 — 0.080 = 31.92

Hence, approximate value of (1.999)° is 31.92.
Find the approximate volume of metal in a hollow spherical
shell whose internal and external radii are 3 cm and 3.0005 cm
respectively.
Internal radius r = 3 cm
and external radius R = r + Ar = 3.0005 cm

Ar = 3.0005 - 3 =0.0005 cm

Let y=1r = y+Ay= (r+Ar=R3=(3.00050 ..(i)

Differentiating both sides w.r.t., v, we get

d

4 372

dr J

Ay = d—y x Ar =3r? x 0.0005
»

= 3 x (3)? x 0.0005 = 27 x 0.0005 = 0.0135
(3.0005)° = y + Ay [From eq. ()]

= (3)3+0.0135 =27 +0.0135 = 27.0135

Volume of the shell

4 33
—n[R° -1
S ]

%n [27.0135 - 27] = %n x 0.0135

= 41tx0.005=4%3.14x0.0045=0.018 T cm?

Hence, the approximate volume of the metal in the shell is
0.0187 cm?®.

A man, 2m tall, xlxvalks at the rate of 1% m/s towards a street
light which is 5—m above the ground. At what rate is the tip
of his shadow moving? At what rate is the length of the shadow
changing when he is 3 % m from the base of the light?
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Sol. Let AB is the height of street light post and CD is the height of
the man such that

ABlezﬁmandCD:Zm
3 3
A

D

51m
3
2m

PE— —y—>
Let BC =x length (the distance of the man from the lamp post)
and CE =y is the length of the shadow of the man at any instant.
From the figure, we see that
AABE ~ ADCE [by AAA Similarity]
Taking ratio of their corresponding sides, we get

AB _BE AB _BC+CE

D CE <D CE
16/3 x+y 8 x+y
= — = = <=
2 y 3 Y
= 8y=3x+3y = 8y-3y=3x =5y=3
Differentiating both sides w.r.t, t, we get
Ay _ g dx
dt dt
dy 3 dx dy 3( 2) 3(—5]
- <L_-.= L _2 | q12|=2.|=
at 5 dt dt 5 3/ 5\3
[*© man is moving in opposite direction]

=-1m/s
Hence, the length of shadow is decreasing at the rate of 1 m/s.
Now letu=x+y
(u = distance of the tip of shadow from the light post)
Differentiating both sides w.r.t. t, we get

du _ dx  dy
dr  dt dt
2 5 ) 8 2
(12 1) = 241]|=-2=22%
(13 1) (3 3= T2zms

Hence, the tip of the shadow is moving at the rate of 2z m/s
towards the light post and the length of shadow decreasing at

the rate of 1 m/s.
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Q9. A swimming pool is to be drained for cleaning. If L represents

Sol.

Q10.

Sol.

the number of litres of water in the pool t seconds after the pool
has been plugged off to drain and L=200(10 — t)% How fast is the
water running out at the end of 5 seconds? What is the average
rate at which the water flows out during the first 5 seconds?
Given that L=200(10 - #)?

where L represents the number of litres of water in the pool.
Differentiating both sides w.r.t, t, we get

dL

i 200 x 2(10 - ¢) (1) =—400(10 - t)

But the rate at which the water is running out

_ 4L _ 400(10 - t) (1)

Rate at which the water is running after 5 seconds
=400 x (10 — 5) = 2000 L/s (final rate)
For initial rate put t =0
= 400(10 — 0) = 4000 L/s
The average rate at which the water is running out
_ Initial rate + Final rate 4000 + 2000 _ 6000

=3000L/s

2 2
Hence, the required rate = 3000 L/s.
The volume of a cube increases at a constant rate. Prove that
the increase in its surface area varies inversely as the length of
the side.
Let x be the length of the cube
Volume of the cube V = x3 (1)

Given that d_V =K
dt

Differentiating Eq. (1) w.r.t. t, we get

d_V = 3x2-d—x = K (constant)
dt t

 _ K

dt 3x?

Now surface area of the cube, S = 6x2
Differentiating both sides w.r.t. t, we get

& 6-2~x.d—x = 12x-£2
Zt dt 3x

= oA = ds oc 1 (4K = constant)
dt x at x

Hence, the surface area of the cube varies inversely as the
length of the side.
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Q11

Sol.

Q12.
Sol.

x and y are the sides of two squares such that y = x — x. Find
the rate of change of the area of second square with respect to
the area of first square.

Let area of the first square A; = x?

and area of the second square A, = y?

Now A;=x?and A, = y* = (x — x?)?

Differentiating both A; and A, w.r.t. f, we get

dA, dx dA dx
221 - 2. 22 and 2 = —x2)(1 = it
7 X 5 an 5 2(x —x7)(1-2x) it
Ay _ =2(x—x)(1—2x)~E
dAl dﬁ 2xdix
dt dt
_x1-x(1-2x) =(1-x)(1-2x)

S 1-2x—x+20=2x23x +1

Hence, the rate of change of area of the second square with
respect to first is 2x? — 3x + 1.
Find the condition that the curves 2x = y? and 2xy = k intersect
orthogonally.
The two circles intersect orthogonally if the angle between
the tangents drawn to the two circles at the point of their
intersection is 90°.
Equation of the two circles are given as

2x = y? (i)
and 2xy =k ...(if)
Differentiating eq. (i) and (ii) w.r.t. x, we get

21=2y- &y = &y

dx dx y

(m, = slope of the tangent)

= — —% mlz—

= 2xy =k
dy
= 2jx-—+y-1{ =0
dx
LU
dx X X

[m, = slope of the other tangent]
If the two tangents are perpendicular to each other,

then myXmy, = -1
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Now solving 2x = y? [From (1)]
and 2xy =k [From (i1)]
From eq. (if) Yy = L

2x

Putting the value of y in eq. (i)
kY k
2x = (—) =2x=—%
2x 4x
= 8x3= k2 = 8(1)°=k* = 8=k
Hence, the required condition is k? = 8.
Q13. Prove that the curves xy = 4 and x2 + 2 = 8 touch each other.

2

Sol. Given circles are xy =4 ..(0)
and x>+y*=8 (i)
Differentiating eq. (i) w.r.t.,, x

x- Z—z +y-1=0
- CUNI A —— )
dx X X

where, m, is the slope of the tangent to the curve.
Differentiating eq. (if) w.r.t. x

d d X x
_y=0 :>_y=—— :>7’Yl2=——
dx dx

where, m, is the slope of the tangent to the circle.

To find the point of contact of the two circles

X
my=m, = AN =y
x Yy

Putting the value of y? in eq. (ii)

2x+2y-

2

+x2=8=2042=8 = x?=4
x=+2
. =y = y==%2
.. The point of contact of the two circles are (2, 2) and (-2, 2).
Q14. Find the coordinates of the point on the curve /x + \/y =4 at
which tangent is equally inclined to the axes.
Sol. Equation of curve is given by +/x + \/? =4

Let (x;, y;) be the required point on the curve

Jro+y =4

Differentiating both sides w.r.t. x;, we get
d d d
— Xty = —¢“
dx, ! dx, s dx, @
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Q15.

Sol.

S S Y
T2y 20y dg
1 1 dy dy, \/y_l .
= ——t= 7 =0 = L =-——F= (1)
NERNT dyy,  u
Since the tangent to the given curve at (x;, y;) is equally
inclined to the axes.

Slope of the tangent i ttan == +1
. dxl 4
So, from eq. (i) we get

==+1

1
Squaring both sides, we get
LA I = y=x
X
Putting the value of y, in the given equation of the curve.

Vi + iy =4
=  Jat+fn=4 =2/ =4 = =2 = x=4

Since Y1=%
- y,=4
Hence, the required point is (4, 4).
Find the angle of intersection of the curves y = 4 — x? and
-2
y=x%
We know that the angle of intersection of two curves is equal
to the angle between the tangents drawn to the curves at their
point of intersection.
The given curvesare y=4-x%..(i) and y=x? (i)
Differentiating eq. (/) and (ii) with respect to x, we have
d
Yoo o o m;=-2x

dx

m, is the slope of the tangent to the curve (7).
d

and Yo = my=2x
dx

1, is the slope of the tangent to the curve (ii).

So, m; =-2x and m,=2x

Now solving eq. (/) and (ii) we get

= 4-x2=x2 = 2%=4 = x2=2 = x=+2
So, m, = —2x=-22 and m,=2x= 22

Let 6 be the angle of intersection of two curves

ot
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Q1e.

Sol.

Q17.

Sol.

ny, —ny
tan@ = |———
1+ mym,
| o2vz2v2 | |42 |4V2| 42
1-(2v2)(2v2)| [1-8] [-7] 7

6= tan™" (#)
Hence, the required angle is tan™ (g] .

Prove that the curves y? = 4x and x? + y? — 6x + 1 =0 touch each
other at the point (1, 2).

Given that the equation of the two curves are y? = 4x (1)
and x2+yt-6x+1=0 (7))
d d
Differentiating (i) w.r.t. x, we get 2y & 4= Y 2
) dx dx y

Slope of the tangent at (1, 2), m, = 5 =1

d
Differentiating (ii) w.r.t. x = 2x +2y- Y 6 =0

-
d d 6—2x
- 2y Y 6o o o
dx dx 2y
Slope of the tangent at the same point (1, 2)
_6-2x1 4
- T Tox2 4

We see that m; =m, =1 at the point (1, 2).

Hence, the given circles touch each other at the same point
1,2).

;ind) the equation of the normal lines to the curve 3x? - > =8

which are parallel to the line x + 3y = 4.

We have equation of the curve 3x? —y? =8

Differentiating both sides w.r.t. x, we get

= 6x—2y-d—y=0 = —Zyd—y=—6x = d_y=3_x
dx dx dx y

Slope of the tangent to the given curve = 3%

Yy

1 __Y

Slope of the normal to the curve = ———=——.
3x 3x
Yy

Now differentiating both sides the given line x + 3y = 4

10
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Q18.

Sol.

= 1+3- d_y =0 = d_y = 1
dx dx 3
Since the normal to the curve is parallel to the given line

x+3y=4.

3x 3
Putting the value of y in 3x? — y? = 8, we get
3x2-x2=8 = 24?=8 = x’=4 = x=%2
y==2
The points on the curve are (2, 2) and (-2, - 2).
Now equation of the normal to the curve at (2, 2) is

y-2-—2(x-2)

= 3y—-6=—x+2 = x+3y=8

at(-2,-2) y+2=—%(x+2)

= 3y+6=-x-2 = x+3y=-8

Hence, the required equations are x + 3y =8 and x + 3y =-8 or
x+3y==+8.

At what points on the curve x? + y?> - 2x — 4y + 1 =0, the tangents

are parallel to the y-axis?

Given that the equation of the curve is
x2+y?-2x—4y+1=0 (i)

Differentiating both sides w.r.t. x, we have

2x+2y~d—y—2—4-d—y =0

dx dx )y
dy dy 2-2x .
= 2y—4)— =2-2x = — =
(2y )dx x ix 2y 4 (ii)
Since the tangent to the curve is parallel to the y-axis.
1
o Slopej—y=tang=oo=6
So, from eq. (ii) we get X
2-2x 1
=— = 2y-4=0 = y=2
2y-4 0

Now putting the value of y in eq. (i), we get

= x*+(2)2-2x-8+1=0

= x?-2x+4-8+1=0

= ¥?-2x-3=0 = x*-3x+x-3=0
= X(x=3)+1(x-3)=0 = (x-3)(x+1)=0
= x=-1 or 3

Hence, the required points are (-1, 2) and (3, 2).

11
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Q19.

Sol.

Q20.

Sol.

Show that the line X + % =1, touches the curvey =10 - e~/ at
a

the point where the curve intersects the axis of y.
Given that y =b - e~*/%, the equation of curve

and X + y_ 1, the equation of line.

a

Let the coordinates of the point where the curve intersects the
y-axis be (0, y,)

Now differentiating y = b - e~ both sides w.r.t. x, we get

d_y= b . eix/a (_l) = _2. eix/ﬂ
dx a a

b _
So, the slope of the tangent, m; =——e x/a,
a

Differentiating X, % =1 both sides w.r.t. x, we get

. d
a b dx
-b
So, the slope of the line, m, =—.
a
If the line touches the curve, then m; =m,

-b

-b
= —e - — o o
a a
= i loge =log1 (Taking log on both sides)
a
= * = x=0

Putting x =0 in elauation y=b-e "

= y=b-e"=b

Hence, the given equation of curve intersect at (0, b) i.e. on
y-axis.

Show that f(x)=2x+cot™ x +log(y/1+ x*> — x) is increasing
inR.

Given that f(x) = 2x + cot' x + log(/1+ x* - x)
Differentiating both sides w.r.t. x, we get

d
f(x) = 2_1+1x2 +\/1+i2 _xxa(,/1+x2 —x)

#X(Zx—l)
1 241+ x*
+

1+x7 J1+x% —x

12
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-5 1 N x—41+x
x4 22 (\/1+x2—x)

5 1 ( 1+x2—x)

) 1+ m( 1+x2—x)

U S

1+ 1+ 2

For increasing function, f’(x) 20
1 1

>
1+x? 1+ 22 =0
2(1+x2) =1+ 1+ 2
(1+x7) Y 50 = 24282 —1+ 142220

(1+x%)

= 207 +1+1+2% 20 = 222+12 —J1+ 22

Squaring both sides, we get 4x* + 1 +4x? > 1 + x?

= 4t +4x?-x*20 = 4t 430220 =X (4x?+3)=0

which is true for any value of x € R.

Hence, the given function is an increasing function over R.
Q21. Show that for a = 1, f(x) = J3sinx—cosx—2ax+b is

decreasing in R.
Sol. Given that: f(x) = v/3 sin x — cos x — 2ax +b,a>1

Differentiating both sides w.r.t. x, we get

f'(x) = /3 cos x +sin x — 2a
For decreasing function, f’(x) <0
V3 cosx+sinx—2a <0

V3

= 2(—Cosx+lsinx)—2a <0
2 2

3 1 .
= —cosx+—sinx—a <0
2 2
T LT
= (cosgcosxntsmgsmx)—a <0

= Cos(x—zj—a <0
6

Sincecosx e [-1,1]anda>1

f'(0) <0

Hence, the given function is decreasing in R.

13
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Q22.

Sol.

Q23.

Sol.

Show that f(x) = tan”!(sin x + cos x) is an increasing function

in (O, Ej
4 v
Given that: f(x) = tan"!(sin x + cos x) in (O, Z)

Differentiating both sides w.r.t. x, we get

f(x) ! d (sin x + cos x)
)= _ L
1+(smx+cosx)2 dx
, 1% (cos x —sin x)
= f)= . 2
1+ (sin x + cos x)
COS X — sin x
= f'(x)= T 2 > ]
1+ sin” x + cos” x + 2 sin x cos x
@) COS X — sin x | COS X — sin x
= fl(x)= . = )= —F————
fA 1+ 1+ 2sin x cos x f&) 2 +2sin x cos x
For an increasing function f(x) > 0
COS X — sin x
— >0
2+ 2 sin x cos x
. . b
= cosx—sinx >0 [ (2 +sin 2x) 2 0in (Orzﬂ

: e T
= cos x = sin x, which is true for (O, Z)
Hence, the given function f(x) is an increasing function
. T
in|0,—].

At what point, the slope of the curve y =—x3+ 3x% + 9x - 27 is
maximum ? Also find the maximum slope.
Given that: y = —x3 +3x2 + 9x - 27

Differentiating both sides w.r.t. x, we get Z—y =-3x2+6x+9
x
Let slope of the cuve Z_y =7
x
z=-3x2+6x+9

Differentiating both sides w.r.t. x, we get az __ 6x+6

. .. z
For local maxima and local minima, d_ =0

x
-6x+6=0 = x=1
2
= d—§=—6<0 Maxima
dx

Put x = 1 in equation of the curve y = (- 1)3 + 3(1)? + 9(1) - 27
=-1+3+9-27=-16

14
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Maximum slope =—-3(1)>+ 6(1) +9 =12
Hence, (1, —16) is the point at which the slope of the given
curve is maximum and maximum slope = 12.

Q24. Prove that f(x) = sinx++/3 cosx has maximum value at

xX=—.
6

Sol. We have: f(x) = sinx++/3 cosx = 2(%sinx+§cosx)
T . . T . T
= 2(cos—smx+sm—cos x) = Zsm(x +—)
3 3 3

fx”::2“”(x+§)uﬂu0=—zgn(x+g)

frx) o= -2 sin(£+£)
=g 6 3
=-2 sing =-2.1=-2<0 (Maxima)

Vel

= _zx? = —v/3 <0 (Maxima)

Maximum value of the function at x = % is
sin£+ 3cos£=l+\/§.£=2
6 6 2 2

. . . T
Hence, the given function has maximum value at x = 5 and

the maximum value is 2.

LONG ANSWER TYPE QUESTIONS

Q25. If the sum of the lengths of the hypotenuse and a side of a
right angled triangle is given, show that the area of the triangle

is maximum when the angle between them is 3

Sol. Let AABC be the right angled A
triangle in which ZB =90°

Let AC=x BC=y X
AB = Jx* —¢*
ZACB =6 B 0 C
Let Z=x+y (given) Y

1
Now area of AABC, A= > x AB x BC

15
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Q26.

Sol.

1 1
= A=y -y = A=y -y -y
Squaring both sides, we get
1 1
A=y [(Z-y? -y S A= V2 Y 22y -y

1
= o V(2 22y P P 7 227 (AT

Differentiating both sides w.r.t. y we get

a1
— = 7 12vZ7 - 67y’ (i)

dy
For local maxima and local minima, ap =0
dy

i(2y22 -6Zy*) =0

27
N %(Z—By)=0 = yZ(Z-3y)=0

= yZ# 0 (v~ y#0and Z#0)
: Z-3y=10
X+
= =§ = y= 3_1/ (v Z=x+y)
= 3y=x+y = 3y-y=x = 2y=x
y 1 1
= === = cosf=_—
x 2 2
oo ©
-3
. . . i I
Differentiating eq. (i) w.r.t. y, we have e Z[ZZ -12Zy]
Y
d°P Z 1 z
—aty=—=-|272"-122- =
dy? Y73 4[ 3}

2
< 0 Maxima

1 —
= Z[2z2 -47%]=
Hence, the area of the given triangle is maximum when the
angle between its hypotenuse and a side is I

Find the points of local maxima, local minima and the points
of inflection of the function f(x) = x> - 5x*+5x3 - 1. Also find the
corresponding local maximum and local minimum values.
We have f(x) = x5 =5xt +5x% - 1

= f'(x) = 5x* — 20x% + 15x2

For local maxima and local minima, f'(x) =0

16
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Q27.

Sol.

=  5x*-2003+15x2=0 = 5x%(x>-4x+3)=0
= 5x?(x?-3x-x+3)=0 = x*(x-3)(x-1)=0
x=0,x=1landx=3
Now F7(x) = 20x3 — 60x2 + 30x
= /() atx—0 = 20(0)% — 60(0)* + 30(0) = 0 which is neither
maxima nor minima.
f(x) has the point of inflection at x =0
/()0 -1 = 20(1)3 — 60(1)% + 30(1)
=20-60+30=-10 <0 Maxima
F7(2)4 -3 = 20(3)® - 60(3)% + 30(3)
= 540 - 540 + 90 =90 > 0 Minima
The maximum value of the function at x = 1
fl) = (1)°=5(1)* +5(1)° - 1
=1-5+5-1=0
The minimum value at x =3 is
flx) = (3)°-5(3)*+5(3)° - 1
=243 -405+135-1=378 — 406 =—28
Hence, the function has its maxima at x = 1 and the maximum

value = 0 and it has minimum value at x = 3 and its minimum
value is —28.

x =0 is the point of inflection.

A telephone company in a town has 500 subscribers on its list
and collects fixed charges of ¥ 300 per subscriber per year. The
company proposes to increase the annual subscription and
it is believed that for every increase of X 1.00, one subscriber
will discontinue the service. Find what increase will bring
maximum profit?

Let us consider that the company increases the annual
subscription by < x.

So, x is the number of subscribers who discontinue the services.

Total revenue, R(x) = (500 — x) (300 + x)

= 150000 + 500x — 300x — x2
= —x2+ 200x + 150000
Differentiating both sides w.r.t. x, we get R’(x) =—2x + 200
For local maxima and local minima, R’(x) =0
-2x+200=0 = x=100
R”(x) = -2 <0 Maxima
So, R(x) is maximum at x = 100

17
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Q28.

Sol.

Hence, in order to get maximum profit, the company should
increase its annual subscription by ¥ 100.

If the straight line x cos o, + y sin o = p touches the curve

x2 y2
_+_2

5 =1, then prove that a? cos? o + b? sin? o = p2.

a 2 2
The given curve is —+ Z—z =1 (1)
a
and the straight line x cos ot + i sin a.=p (i)
Differentiating eq. (i) w.r.t. x, we get
1 dy
— 2x+—-2y.—L =0
27T Y
2
x oy dy dy b x
= stz =0 o T T
ac b dx dx a y

-
So the slope of the curve = ——- X
a

Now differentiating eq. (ii) w.r.t. x, we have

. d
cosoc+smoc-—y =0
X
dy  —coso
—_ = — =-—cota
dx sin o

So, the slope of the straight line = — cot o
If the line is the tangent to the curve, then
_ bZ x x 112 a2

—— =—coto. = — =-—5-cotax = x=—coto-
a? vy b v Y

Now from eq. (ii) we have x cos .+ y sin ot=p
2

a .
= b—z-cot(x~y~cosoc+ysmoc =p

= a*cota-cosoy+bisinoy = b

oS o ,
a* ——-cosoy+b*sinoy =b%
sin o
= a*cos? oy +b?sin®ay = b?sinap
b2
= a* cos? o+ b?sin o = —-sina-p
2
= a?cos?a+brsinfo=p-p | ?mna:p
Hence, a? cos? oL+ b? sin? o = p?

18
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Alternate method:

We know that y = mx + ¢ will touch the ellipse
2
XY tif=m
@ b
Here equation of straight line is x cos o. + y sin 0. = p and that
2 2
of ellipse is XY
a b
xcoso+ysino=p
= ysinoa=-xcoso+p

coso. p p
= Y= —xX— +— = y=—-xcoto+—
sino  sin o sin o
Comparing with y = mx + ¢, we get
=—coto. and c= .P
sin o
So, according to the condition, we get ¢? = a?m? + b2
2
pz = a?(- cot o)? + b?
sin” o
2 2 2
a” cos” o .
= .PZ =———+b® = p’=acos?a+b?sin’ o
sin“o sin“a

Hence, a?cos?a+b%sin? o = p?> Hence proved.
Q29. Anopenbox with square base is to be made of a given quantity

of card board of area c2. Show that the maximum volume of
3

. C . .
the box is —= cubic units.

Sol. Let x be the length of the side of the square base of the cubical
open box and y be its height.

Surface area of the open box
22
A=x2+4xy = y= S (i) T
4x
Now volume of the box, V=xxx xy v
= V= x?
/ %
(C2_x2j vl ox
2 '
= V= x"|—— «—x—>
4x
= V= —(*x-x°

Differentiating both sides w.r.t. x, we get
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Q30.

Sol.

av 1, , 5 ..
— = —(c" -3x (i
o ) @
For local maxima and local minima, - =0
X
1
Z(c2 —3x")=0=2-3:2=0
2
= 2=
3
2

X = ? \/5

Now again differentiating eq. (if) w.r.t. x, we get
v _ 1 <0

= = —(— )—7 \/— (maxima)
Volume of the cubical box (V) = x?y
o<
_xz(cz—xQJ_L 3., 22 ¢
4x V3L 4 V3 3x4 63

Hence, the maximum volume of the open box is
3
6v/3
Find the dimensions of the rectangle of perimeter 36 cm which
will sweep out a volume as large as possible, when revolved
about one of its sides. Also find the maximum volume.
Let x and y be the length and C
breadth of a given rectangle ABCD T
as per question, the rectangle be y
revolved about side AD which will l
A

cubic units.

make a cylinder with radius x and B
height y. < * >
Volume of the cylinder V = mr?h
= V = mx%y (i)
Now perimeter of rectangle P =2(x+y) = 36=2(x+y)
= x+y=18 = y=18-x (i)
Putting the value of y in eq. (i) we get
V = mx?(18 - x)

= V = m(18x2 - x%)
Differentiating both sides w.r.t. x, we get

WV 136x - 3x2) (i)

dx
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Q31.

Sol.

For local maxima and local minima d_V =0

dx
o n(36x - 3x?) =0 = 36x-3x2=0
- 3x(12-x) = 0
= x#0 o 12-x=0=x=12

Fromeq. (i) y=18-12=6
2

Differentiating eq. (iii) w.r.t. x, we get ZT\ZI =1(36 — 6x)

2
atx=12 d—\2]=n(36—6><12)

Y = (36 - 72) = - 36m < 0 maxima
Now volume of the cylinder so formed = nx%y

=X (12> X6 =1 x 144 x 6 = 8641 cm?

Hence, the required dimensions are 12 cm and 6 cm and the
maximum volume is 8641 cm?.
If the sum of the surface areas of cube and a sphere is constant,
what is the ratio of an edge of the cube to the diameter of the
sphere, when the sum of their volumes is minimum?
Let x be the edge of the cube and r be the radius of the sphere.
Surface area of cube = 6x2

«—rir—>

and surface area of the sphere = 4nr2
K - 6x°
4m
Volume of the cube = x® and the volume of sphere = —nr

6x2 + 4nr? = K(constant) = r=

(i)

3

Sum of their volumes (V) = Volume of cube
+ Volume of sphere

= V = x3+§nr3

3/2
K - 6x> j !
4r
Differentiating both sides w.r.t. x, we get

= V=x3+%nx(

AV _ g2 A 3(1( 6222 (~122) x ——57
dx 3 (4m)
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3x% + (42)3/2 X (-12x) (K — 6x2)"/2

3x% + 4%/2 x (—12x) (K — 6x2)1/2
T

av 352 Bx 2)1/2

PR

For local maxima and local minima,

V=0
dx

I
(K —6x2)”2} 0

= Bx[x——\/;

_(K-6x%)"?

= 0

xz0 ..
(K — 6x2)1/2
= x= I
Squaring both sides, we get
2= K - 6x°
T

= nx?2=K-6a2

= l+6x2=K =x2n+6)=K = x?=

K
T+6

T+6

Now putting the value of K in eq. (i), we get
6x2 + 4nr? = x*(m+ 6)
= 6x2+4nrt = nx?+6x2 = 4nr?=mx? = 4r¥=x2
2r= x
x:2r=1:1

Now differentiating eq. (if) w.r.t x, we have

BV o34, x(K - 6x%)%]

dx? Jr dx

= 6x—i

1
\/E[x.z,h(—@cz
—6x——{m+qlK 6x> }

x (=12x) + (K — 6x2)1? ~1}
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~6x 3 | -6x* +K - 6x7 . 3 12x2 - K
n| K- Jr | K - 612
+6 -K
Put T
6K
TC+6
K 3 [ 12K — K - 6K
-6 +—=

T+6 T K + 6K — 6K
T+6

K 3 [6K —nK
T+6 n nK
T+6

K 3
=6 +—=[(6K -=nK) yn +6]>0
T+6 n\/K[( TRyl

So it is minima.
Hence, the required ratio is 1:1 when the combined volume
is minimum.

Q32. AB is a diameter of a circle and C is any C
point on the circle. Show that the area of
AABC is maximum, when it is isosceles.

Sol. Let AB be the diameter and C be any A

point on the circle with radius r.
ZACB =90° [angle in the semi circle is 90°]
Let AC=«x

RS v
= BC= J(2r)-x* =BC= 4 -2> (i)
Now area of AABC, A= % x AC x BC
. e
Squaring both sides, we get

A% = %x2(41’2 —x%)

Let A2=Z
1 1
Z = Zx2(4r2—x2) = Z=Z(4x2r2—x4)
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Q33.

Sol.

Differentiating both sides w.r.t. x, we get
dz 1

22— Z8xar? - 448 (10
T 4[ ] . (i1)
For local maxima and local minima d_ =0
x
1
Z[8xr2 -4x°1 =0 = x[2rP-2%=0
x#0 . 212—x2=0
= ¥?=2rr = x=.2r =AC

Now from eq. (i) we have

BC= 42 -2r> =BC=.>2 =BC=+2r
So AC= BC
Hence, AABC is an isosceles triangle.

2
Z 1
Differentiating eq. (ii) w.r.t. x, we get Z—z = Z[Sr2 —12x%]
Putx= /27 X
2
TZ _ g2 122077 = Lisr? 2412
dxz 4 4

i x(-16r?)=-4r*<0 maxima

Hence, the area of AABC is maximum when it is an isosceles
triangle.

A metal box with a square base and vertical sides is to contain
1024 cm?®. The material for the top and botttom costs ¥ 5/cm?
and the material for the sides costs T 2.50/cm?. Find the least
cost of the box.

Let x be the side of the square base and y

be the length of the vertical sides.

Area of the base and bottom = 2x? cm? v
. Cost of the material required =3 5 x 2x2 l

=3 10x2

«——>
Area of the 4 sides = 4xy cm?

Cost of the material for the four sides
=3 2.50 x 4xy =% 10xy
Total cost C = 10x2 + 10xy ()
New volume of the box =x x x Xy
= 1024 = x%y
1024

y="2 ...(ii)
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Putting the value of y in eq. (i) we get

C = 10x* +10x x 1034 = C= 1022 + 12220
x x
Differentiating both sides w.r.t. x, we get
aC
A - 20x - 10240 ..(iii)
) X 4C
For local maxima and local minima o =0
x
20— 102240 _0
x

= 20x°-10240=0 = x*=512 = x=8cm
Now from eq. (ii)
_ 10240 10240 _
(8) 64
Cost of material used C = 10x? + 10xy
=10x8x8+10x8x 16 =640+ 1280 =1920
Now differentiating eq. (iii) we get

16 cm

d*C 20480
dx2 = 20+ x3
Putx=8
20480
= 20+ = 90+ 2280 _ 50440~ 60> 0 minima
(8) 512

Hence, the required cost is ¥ 1920 which is the minimum.
Q34. The sum of the surface areas of a rectangular parallelopiped

x
with sides x, 2x and 3 and a sphere is given to be constant.

Prove that the sum of their volumes is minimum, if x is equal
to three times the radius of the sphere. Also find the minimum
value of the sum of their volumes.
Sol. Let ‘r’ be the radius of the sphere.
Surface area of the sphere = 4772

4
Volume of the sphere = 3 mr

The sides of the parallelopiped are x, 2x and %
Its surface area = Z[x X 2x +2x X % +x X g}

2 2
2|:2x2 + 2% + %} = 21242 + %2]

2[3x?] = 6x2
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. xX_2 3
Volume of the parallelopiped = x X 2x X 3 Ex

As per the conditions of the question,
Surface area of the parallelopiped
+ Surface area of the sphere = constant

= 6x% + 4nr? = K (constant) = 4nr? =K - 6x2
K - 6x>
r2= (i
i (@)
Now let V = Volume of parallelopiped
+ Volume of the sphere
= V= Zx?’ +énr3
3 3
2 . 4 [K-62T"
= V=—x3+—n[ } from eq. (i
3 in [ q. (1]
_ 23 4 1 213/2
= V—Ex +§TCXW[K—6X]
2 5 4 1 23/2
=—x"+—TX K -6x
= v 3 3 8 x nt>/? [ ]
2.5 1 23/2
= =—x"+—[K-6
3 6JE[ )
Differentiating both sides w.r.t. x, we have
av 2 5 1 [3 201/2 }
— = = 3x“ +—|=(K-6x -12x
d« 3 6T 2( ) )
1 3
= 2% + ——=x = x(=12x) (K — 6x%)12
odr 2 ( ) ( )

= 2x2 - % [K - 6x2)!/2

For local maxima and local minima, we have d_V =0

> 3x 24172 dax
2x _E(K_&C )y’ =0
= 2Jnx? = 3x(K - 6x2)1% = 0
= x[24/mx = 3(K - 6x2)2] =0
Here x # 0 and 2+/nx — 3(K — 6x2)2 =0
= 24/mx =3(K - 6x2)12

Squaring both sides, we get
4nx? = 9(K - 6x2) = 4nx? = 9K — 54x2
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= 4mx? + 54x2 = 9K

4mx’ + 54x2 3
K= CE ..(if)
2x%(2m +27) = 9K

9K K
x? = =3
20n+27) \4n+54

Now from eq. (i) we have

()

2
2 K -6x
4T
4mx® + 54x2
Tx” + 54x 6x2
= 72 = 9
4m
) Amx? + 54x% — 54x2 4mx?
= 72 = =
9x4rn 9x4n
= r2=£ = r=£ . ox=3r
9 3 )
dV 2 3x 2.1/2
Now we have —=2x"-—(K-6x
T JE( )
Differentiating both sides w.r.t. x, we get
d*v 3 [ d 2.1/2 22 d }
— =4x-—|x-— (K-6x +(K-6x —X
dx? Jr L dx( ) ( ) dx
3 [ 1x(-12x) 2\1/2
—dx———|x — p K -6x%) 21
Jr| T2 K —6x?
3 -6x? 241/2
=4x-—|———++(K-6x
| a eyt
3 [—6x% + K - 6x° 3 [ K-1242
- \/E_ (K—6x2)1/2 - \/E (K—6x2)1/2
Put x=3- K
4m + 54
9K

12 .
2V K 3 47 + 54
P | Sy iy 9K
X \/(K—6

47+ 54
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4Km + 54K - 108K

K 3 47 + 54
=12 =
an+54 Jrn \/4I<n + 54K — 54K

41t + 54
[ 4Km — 54K

K 3| 4mn+54
12 -
an+54 4Kn
47 + 54
K 3 [ 4Kn-54K
=12 — =
4n+54 n|4Kn - [dn +54
b K 6K 2 —27
- dn+54 Jn|J4Kr - [an + 54
K 6K 27 - 21
=12 = >0
4n+54 ~fn|Jdkn - fAm +54

[+ 27-21>0]

d*v .
- > 0 so,itis minima.
dx K

Hence, the sum of volume is minimum for x =3

.. 4m + 54
.. Minimum volume,

K 2 4 2 5, 4 (xf
x=3|—— | =23+ = +=-n| =
Vat( \/4n+54] 3¥ T3 T TG
2

Hence, the required minimum volume is 2 x° (1 + 2_15) and

x =3r. 3 27
OBJECTIVE TYPE QUESTIONS
Choose the correct answer from the given four options in each of the
following questions 35 to 59:
Q35. The sides of an equilateral triangle are increasing at the rate

of 2 cm/sec. The rate at which the area increases, when side is
10 cm is:
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Sol.

Q36.

Sol.

(@) 10 cm?/s (b) /3 cm?/s
(¢) 103 cm?/s (d) gcmz/s

Let the length of each side of the given equilateral triangle be
X cm.

Z—x = 2 cm/sec
t
Area of equilateral triangle A = ﬁxz
dA 3 dx 3
—=—2x-— =—x10x2 = 2
i T 7 1043 cm?®/sec

Hence, the rate of increasing of area = 10+/3 cm?/sec-

Hence, the correct option is (c).

Aladder, 5mlong, standing on a horizontal floor, leans against
a vertical wall. If the top of the ladder slides downwards at the
rate of 10 cm/sec, then the rate at which the angle between the
floor and the ladder is decreasing when lower end of ladder
is 2 metres from the wall is:

(a) %radian/sec (b) % radian/sec
(¢) 20 radian/sec A
(d) 10 radian/sec l
Length of ladder =5m b S’b
Let AB=ymand BC=xm
In right AABC, 0
AB2+BC2=AC? B C E
= x> +y?=(5)? = x*>+y*=25
Differentiating both sides w.r.t x, we have
d
2024 2y - Y -0
dt dt
d
= x—+y- Y
dt dt
d
= 224y X (=01 =0 [+ x=2m]

= 2-%%/25—952 x(-0.1) =0

= 2-2—’;+1/25—4><(—0.1)=0
= 2'd_x_@=0 :>d_x=@
dt 10 dt 20
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Q37.

Sol.

Q38.

Sol.

Now cos 0 = BC (6 is in radian)
AC
= cos 0 = %
Differentiating both sides w.r.t. t, we get
4 oosp = L9 . B0 _1 V2L
d 5 dt at 5 20
do 21 (1 ) _ 21 o[ 1
- dt ~ 100 | sin®) 100 . | AB
AC
1

V21 AC _ 21 5

I~ = —— x——=——radian/sec
100 AB 100 V21 20

[(-) sign shows the decrease of change of angle]
Hence, the required rate = 2—10 radian/sec

Hence, the correct option is (b).

The curve y = 2% has at (0,0)

(a) a vertical tangent (parallel to y-axis)
(b) ahorizontal tangent (parallel to x-axis)
(c) an oblique tangent

(d) no tangent

Equation of curve is y = x'/°

Differentiating w.r.t. x, we get Y lx_4/ >
x
(atx=0) ay =1(0)-4/5=1><1=oo
dx« 5 5 0
dy _
dx

The tangent is parallel to y-axis.
Hence, the correct option is (a).

The equation of normal to the curve 3x? — y? = 8 which is
parallel to the line x + 3y =8 is

(a) 3x-y=8 ) 3x+y+8=0
(c) x+3y+x8=0 (d) x+3y=0
Given equation of the curve is 3x> - > = 8 (i)
Differentiating both sides w.r.t. x, we get
6x—2y-d—y =0 :>d—y _
dx dx y
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Q39.

Sol.

3% s the slope of the tangent

Yy _ -
Slope of the normal = ! s

dy/dx T 3y
Now x + 3y = 8 is parallel to the normal
Differentiating both sides w.r.t. x, we have
1+3 d—y =0 = d—y = —l
dx dx 3
— y 1
s 3 YT
Putting y = x in eq. (i) we get
3x?-x2=8 = 2?=8 = x?=4
x=+2andy=+2
So the points are (2, 2) and (-2, - 2).
Equation of normal to the given curve at (2, 2) is

1
y-2= —2(x-2)
= 3y-6=-x+2 = x+3y-8=0
Equation of normal at (-2, —-2) is
1
y+2= 3 (x+2)
= 3y+6=-x-2 = x+3y+8=0
The equations of the normals to the curve are
x+3y+8=0
Hence, the correct option is (c).
If the curve ay + x? = 7 and x® = y, cut orthogonally at (1, 1),
then the value of ‘a’ is:

(@) 1 (®) 0 (c) -6 (d) 6
Equation of the given curves are ay + x> =7 ..(7)
and =y (i)
Differentiating eq. (i) w.r.t. x, we have
a d—y +2x=0 = d—y = =
dx dx a
= e
ey '
Now differentiating eq. (if) w.r.t. x, we get
d d
3x? =d_z = my,= 3x? (mz = %)

The two curves are said to be orthogonal if the angle between
the tangents at the point of intersection is 90°.
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my Xmy,=-1

—6x°
=—1 =6x°=aq

-2
o e =o1 =

a
1,1 ig the point of intersection of two curves.
613 =a
So a==6
Hence, the correct option is (d).
Q40. If y=x*-10and if x changes from 2 to 1.99, what is the change
iny?
(a)y0.32 (b) 0.032 (c) 5.68 (d) 5.968
Sol. Given thaty=x*-10
ay 4x3
dx
Ax =2.00-1.99=0.01

d
Ay = %Ax =4x3 X Ax

=4x(2)3%0.01=32x%0.01=0.32
Hence, the correct option is (a).

Q41. The equation of tangent to the curve y(1 + x?) = 2 — x, where it
crosses x-axis is:

(a) x+5y=2 (b) x-5y=2
(c) 5x—y=2 (d) 5x+y=2
Sol. Given thaty(1+x%)=2-x (i)

If it cuts x-axis, then y-coordinate is 0.
01+x%)=2-x = x=2
Put x =2 in equation (i)
y1l+4)=2-2 = y5)=0 = y=0
Point of contact = (2, 0)
Differentiating eq. (i) w.r.t. x, we have

y><2x+(1+x2)d—y=—1
dx
= 2xy+(1+x2)d—y=—l = (1+x2)d—y=—l—2xy
dx dx

dy —(1+2xy) dy -1 -1

A (1+23) drao (1+4) 5
. . 1
Equation of tangentis y — 0= 5 (x—=2)

= Sy=—x+2 = x+5y=2

Hence, the correct option is (a).
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Q42. The points at which the tangents to the curve y = x3 —12x + 18
are parallel to x-axis are:
(@) (2,-2),(-2,-34) (b) (2,34),(-2,0)
(c) (0,34),(-2,0) d) (2,2),(-2,34)
Sol. Given thaty=x3-12x +18
Differentiating both sides w.r.t. x, we have

d
- Y 3 12
dx d
Since the tangents are parallel to x-axis, then d_y =0
x

3x2-12=0 = x=+2
Ve = (2 -12(2) +18=8-24+18=2
Vyen = (-2)3-12(-2)+18=-8+24+18=34
Points are (2, 2) and (-2, 34)
Hence, the correct option is (d).
Q43. The tangent to the curve y = ¢ at the point (0, 1) meets x-axis at:

(@) (0, 1) (0) (—%,Oj © 20 @ ©2

Sol. Equation of the curve is y = ¢**

Slope of the tangent A _ 207 = LU 2.¢0=2
dx dx0,1)
Equation of tangent to the curve at (0, 1) is
y-1=2(x-0)
= y-1=2x = y-2x=1
Since the tangent meets x-axis where y =0

-1
0-2x=1 = x=—

So the point is (—%, 0)

Hence, the correct option is (b).
Q44. The slope of tangent to the curve x = £* + 3t — 8 and
y=2t>-2t -5 at the point (2, - 1) is:

22 6 6
(@) — ) - © -7 (d) -6

Sol. The given curveisx=#>+3t-8and y=2t>-2t-5

d—x=2t+3 and d_y:4t_2
dt dt
dy

dy _ g 4t-2

dx  dx  2t+3
dt
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Now (2, — 1) lies on the curve
2=12+3t-8 = +3t-10=0
= 2+5t-2t-10=0
= tt+5)-2(t+5)=0
= (@+5)(t-2)=0
st=2,t=-5 and -1=22-2t-5

= 212 -2t—-4=0

= 2—t-2=0 = 2-2t+t-2=0
= H(t-2)+1(t-2)=0 = (t+1)(t-2)=0
= t=-1 andt=2

So t=2is common value

dy  4x2-2 6
dx,_, S 2x2+43 7
Hence, the correct option is (b).

Q45. The two curves x* — 3xy? + 2 = 0 and 3x%y — 1> - 2 = 0 intersect
at an angle of:

Slope

T b T T

r n T = o X

(@) 1 (®) 3 © 5 @ -
Sol. The given curves are x> - 3xy? +2=0 (1)
and 3ty -y*-2=0 (i)

Differentiating eq. (i) w.r.t. x, we get

3x2—3(x-2y§—Z+y2-1) =0

d d
2 Y_ 2 _ Y _p2_p2
= X =2xy—-y- =0 = L =xc—
Yo Y 2xydx y
dy 22—
dx 2xy
2_ .2
So slope of the curve my = * Y
2xy

Differentiating eq. (i7) w.r.t. x, we get

3[x2Z—Z+y-2x]—3y2~dy =0

dx
dy dy 2 2\

22 2L =0= (P -y) L =-2
X dx+2xy y I (x" -y )dx Xy
d_yz —2xy
i -y
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Q46.

Sol.

Q47.

Sol.

Q18.

Sol.

—2xy
So the slope of the curve m, = ———
-y

2 2
- -2
X y % Xy

=-1
2xy x? —yz

Now my X i, =

. T
So the angle between the curves is 5

Hence, the correct option is (c).

The interval on which the function f(x) = 2x3 + 9x% + 12x — 1 is
decreasing is:

(@) [-1, ) 0) [-2,-1]
(©) (=eo,=2] @ [-11]
The given function is f (x) = 2x> + 9x? + 12x - 1
f(x) = 6x2+18x + 12
For increasing and decreasing f’(x) = 0
6x>+18x+12 =0

= X>+3x+2=0 = 2+2x+x+2=0
= X(x+2)+1(x+2)=0 = (x+2)(x+1)=0
= x=-2,x=-1

The possible intervals are (—eo, —2), (-2, —1), (=1, o)
Now fi(x)=@x+2)(x+1)

= f(®¥) e -2 = () (5) = (+) increasing
= F@) a1y = #) () = () decreasing
= f(®)4, ) = (+) (+) = (+) increasing

Hence, the correct option is (b).

Let the f: R — R be defined by f(x) = 2x + cos x, then f.

(a4) has a minimum atx=n (b) has a maximum atx=0
(c) is a decreasing function (d) is an increasing function

Given that f(x) =2x +cos x
f(x)=2-sinx
Since fix)y>0Vx

So f(x) is an increasing function.

Hence, the correct option is (d).

y = x(x — 3)> decreases for the values of x given by: 3
(@) 1<x<3 (b) x<0 () x>0 (d) 0<x<=
Here y = x(x — 3)? 2

dy _ x-2(x=-3)+(x-37*1 = 4y =2x(x - 3) + (x - 3)?
dx dx
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Q49.

Sol.

For increasing and decreasing 4y =0

dx
2x(x=3)+(x-3)2=0 = x-3)(2x+x-3)=0
= (x=3)(3x=3)=0 = 3(x-3)(x-1)=0
. x=1,3

Possible intervals are (— oo, 1), (1, 3), (3, =)

Z—Z =(x=-3)(x-1)

For (= e, 1) =(-) (-) = (+) increasing
For (1, 3) =(-) (+) = (-) decreasing
For (3, o) =(+) (+) = (+) increasing
So the function decreasesin (1, 3) or 1 <x <3
Hence, the correct option is (a).
The function f (x) = 4 sin® x — 6 sin? x + 12 sin x + 100 is strictly

(a) increasing in (ﬁ, 3%5) (b) decreasing in (g, n)

(c) decreasing in [—E, E} (d) decreasing in [0, E]
Here, 22 2
f(x)=4sin*x - 6 sin? x + 12 sin x + 100
f'(x) = 12 sin? x - cos x — 12 sin x cos x + 12 cos x
=12 cos x [sin?x —sin x + 1]
=12 cos x [sin? x + (1 — sin x)]
1-sinx>0and sin?x >0
sinx+1-sinx>0 (when cos x > 0)

-T
Hence, f’(x) >0, when cos x >0 i.e., x€ [T, gj

So, f(x) is increasing where x (_Tn' g] and f'(x) <0

. T 3n

when cosx<0ie. xe (—, —)
2°2
. . T 3m

Hence, f(x) is decreasing when x € (E’ —)

2
WEALES
2 22

So f(x) is decreasing in (g, o

Hence, the correct option is (b).
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Q50.

Sol.

Q51.

Sol.

Q52.

Sol.

Q53.

Sol.

Which of the following functions is decreasing in (0, §)7

(a) sin 2x (b) tanx (c) cosx (d) cos3x
Here, Let f(x)=cosx; So, f'(x)=-sinx

£(x) < 0in (0, g)
So f(x) = cos x is decreasing in (O, g)

Hence, the correct option is (c).

The function f(x) = tan x — x

(a) always increases (b) always decreases

(c) never increases

(d) sometimes increases and sometimes decreases.

Here, flx) =tanx—x So, f'(x)=sec’x -1
f'(x)>0VxeR

So f(x) is always increasing

Hence, the correct option is (a).

If x is real, the minimum value of x2 — 8x + 17 is

(@) -1 () 0 (01 @ 2
Let f(x) =x2-8x+17
f(x)=2x-8

For local maxima and local minima, f’(x) =0
: 2x-8=0 = x=4
So, x =4 is the point of local maxima and local minima.
f7(x) =2>0minimaatx=4
f0) ey = (47 - 8(4) +17
=16-32+17=33-32=1
So the minimum value of the function is 1
Hence, the correct option is (c).
The smallest value of the polynomial x* - 18x% + 96x in [0, 9] is
(a) 126 ® 0 (c) 135 (d4) 160
Let flx) = x3-18x2+96x; So, f'(x)=23x—-36x +96
For local maxima and local minima f’(x) =0
3x2-36x+96 = 0
= x2-12x+32 =0 = x>-8x-4x+32=0
= x(x-8)-4(x-8) =0 = x-8) (x-4)=0
x=8,4€[0,9]
So, x =4, 8 are the points of local maxima and local minima.
Now we will calculate the absolute maxima or absolute
minima atx=0,4, 8,9
flx)=x3 - 18x% + 96x
f),g=0-0+0=0
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Q54.

Sol.

Q55.

Sol.

A(x),2g= (4)° - 18(4)> + 96(4)
=64 — 288 + 384 = 448 — 288 = 160
f(2),5= (8)° — 18(8)* + 96(8)
=512-1152 + 768 = 1280 — 1152 = 128
f(x),0= (9)° — 18(9)* + 96(9)
=729 — 1458 + 864 = 1593 — 1458 = 135
So, the absolute minimum value of fis 0 at x =0
Hence, the correct option is (b).
The function f(x) = 2x3 - 3x2 - 12x + 4, has
(a) two points of local maximum
(b) two points of local minimum
(¢) one maxima and one minima
(d) no maxima or minima
We have flx) = 2% -3x2 - 12x + 4
f'(x) = 6x2—6x - 12
For local maxima and local minima f’(x) = 0
6x2—6x-12=0
= ¥?-x-2=0 = x2-2x+x-2=0
= x(x-2)+1(x-2)=0 = (x+1)(x-2)=0
= x=-1, 2 are the points of local maxima and local minima
Now fr(x)=12x-6
fr(x),-_1=12(-1)-6=-12-6=-18 <0, maxima
f7(x),_, =12(2) - 6=24 - 6 =18 >0 minima
So, the function is maximum at x = -1 and minimum at x =2
Hence, the correct option is (c).
The maximum value of sin x cos x is

CENNCE O @ NI
We have f(x) = sin x cos x
= f(x)=%~251nxcosx=%sin2x

f(x) = %'2 cos 2x

= f’(x) = cos 2x
Now for local maxima and local minima f’(x) =0
cos2x =0

2x = (2n+1)§, nel

= x=(2n+1)g
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n 3n
x= ===
4 4
f”(x) = =2 sin 2x
f(x) = —2sin2-F=_2sinE=_2<0 maxima
= 4 2
f”(x) 3r = —ZsiHZ-%t = —2sin37n:2>0 minima
L

4
T
So f(x) is maximum at X = 1

Maximum value of f(x) = 2 1 > 2
Hence, the correct option is ().
5
Q56. At x = ?n, f(x)=2sin 3x + 3 cos 3x is:
(a) maximum (b) minimum
(c) zero (d) neither maximum nor minimum.

Sol. Wehave f(x) =2 sin 3x + 3 cos 3x
f’(x) =2cos3x-3-3sin3x3=6cos 3x -9 sin 3x
f7(x)=-6sin3x-3-9cos3x-3
= —18 sin 3x — 27 cos 3x

f(5_") - -18 sin3(5—n)—27 COSB(S—TE)

6 6 6
=-18 sin (5—75) — 27 cos [5_n)

2 2
—_18sin (2n+£j—27 cos (2n+£)
2 2

=—185in§—27cos§ —_18-1-27.0
= 18<0maxima

Maximum value of f(x) at x— 6

f(Sn) 2 1n3( )+3cos3(5—n) 251n—+3cos5—n
6 6 2

=2 sin(2n+£)+3 cos(2n+£): 2sin—+3 cosE: 2
2 2 2 2

Hence, the correct option is (a).
Q57. Maximum slope of the curve y =—x3 + 3x% + 9x — 27 is:
(@) 0 ) 12 © 16 d) 32
Sol. Given that y=—-x>+3x2+9x-27
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d
Y 32 46x+9
dx

Slope of the given curve,

m=-3x2+6x+9 (Z—yzm)
d_m = —6x+6 *
dx i
For local maxima and local minima, %™ _
dx
-6x+6=0 = x=1
&m

Now =-6<0 maxima

dx?
Maximum value of the slope at x =1 is

m,_;=-31)2+6(1)+9=-3+6+9=12
Hence, the correct option is (b).
Q58. f(x)=x"has a stationary point at

1
(a) x=e (b) x=- € x=1 (d) x=+e
Sol. We have flx)=x*
Taking log of both sides, we have

log f(x) = x log x
Differentiating both sides w.r.t. x, we get
1 1
— f(x) = x-—+logx-1
o ! (o8
= f/(x) = f(x) [1 +1og x] =x* [1 +log x]

To find stationary point, f*(x) =0

- x[1+logx] =0

X*£0 .. 1+logx=0

= logx=-1 = x=¢" :>x=1

Hence, the correct option is (b). €

X
Q59. The maximum value of (lj is:
x

1/e
@) ¢ ®) © (1)

1Y ¢
Sol. Let f(x) = (;)
Taking log on both sides, we get
1
log [f(x)]= xlog—
= log[f(x)]= xlogx! = log[f(x)] =~ [xlog x]
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Differentiating both sides w.r.t. x, we get

ﬁ'f’(x) = —[x~%+logx-1} =—f(x) [1 +log x]
= f(x) = —(l)x [1+log x]
x
For local maxima and local minima f’(x) =0

-G) M+logx] =0 = (l) [1+log x] =0

X
x
(3] #0
X

1. . .
So, x =— is the stationary point.
e

1+logx=0 = logx=-1 = x=¢

Now  f'(x) = _(%)x [1+log x]
fr(x) = —{(%)x (%) +(1+1og x)- % (x)x}

£ = _{@)w(e) +(1410g 3] L GH

1 L .
x== = —e¢ <0 maxima
e

Maximum value of the function at x = - is

1/
) ()
e 1/e
Hence, the correct option is (c).

Fill in the blanks in each of the following exercises 60 to 64.
Q60. The curves y =4x2+ 2x — 8 and y = x* — x + 13 touch each other
at the point .

Sol. We have
y=4x2+2x-8 ()
and y=x>-x+13 (i)
Differentiating eq. (i) w.r.t. x, we have
dy
—— =8x+2 = my=8x+2
dx

[m is the slope of curve (i)]
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Q61.

Sol.

Qe62.

Sol.

Differentiating eq. (i7) w.r.t. x, we get

YW 321 = my=32-1

dx [m, is the slope of curve (ii)]

If the two curves touch each other, then m, =m,

Sx+2=3x2-1
= 3x2-8x-3=0 = 3x2-9x+x-3=0
= 3x(x-3)+1(x-3)=0 = (x-3)Bx+1)=0
-1
x=3, —
3

Putting x =3 in eq. (i), we get
y=43)+2(3)-8=36+6-8=34
So, the required point is (3, 34)

Now for x = 1
—1Y (—1) 1 2
=4 —| +2|—|-8=4x—--—-8
Y ( 3 ) 3 9
_4 2 _4-6-72 -74
9 3 9 9
-74
Other required point is (—%, Tj
. . 1 -74
Hence, the required points are (3, 34) and —5, T .
The equation of normal to the curve y = tan x at (0, 0) is
dy 2
We have y =tan x. So, — =sec”x
X

SeC2 X

at the point (0, 0) the slope = - cos? (0) = -1
So the equation of normal at (0, 0) is y — 0 =-1(x - 0)

= —COS2 X

Slope of the normal =

= y=-x = y+x=0
Hence, the required equation is y + x = 0.
The values of a for which the function f(x) =sin x —ax + b
increases on R are .
Wehave f(x)=sinx—-ax+b = f'(x)=cosx—a
For increasing the function f’(x) >0
cosx—a>0
Since cosxe [-1,1]
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a<-1 = ae (- -1)
Hence, the value of a is (—e, —1).

2x2 -1

x4

Q63. The function f(x) = , x>0, decreases in the interval

2
Sol. We have f(x) = 2x 4_1

x*(4x) — (2x% - 1) - 4x°

)= ‘
x
, 45— (22 —1)- 4% 4% —2x2 +1] 427 +1)
= f ('x) = 8 = 8 = 5
x x x
For decreasing the function f’(x) <0
4(-x* +1)

- <0 = —-x*+1<0 = x*>1
X

x>+x1 = xe (1)

Hence, the required interval is (1, o). b
Q64. The least value of the function f(x)=ax+— (where a > 0,
b>0,x>0) is *

b
Sol. Here, f(x) = ax +2 = flx)y=a-—
x x

For maximum and minimum value f’(x) =0

b
a-— =0 = xz—E = x:i\/E
x a a

Now f(x) = 2—137
x

3/2
2b 5810 (' a,b>0)

f”(X)x:\E = W= 2

.. a
Hence, minima

So the least value of the function at x = \/E is
a
[[ j . T _Jab e =2

Hence, least value is 2+/ab.
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